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Basing on the recent theory of extended thermodynamics of dense gases, we study a thermodynamic
theory of gases with the energy transfer from molecular translational mode to internal modes as an
extension of Meixner’s theory. We focus our attention on the simplest case with only one dissipative
process due to the dynamic pressure. The dispersion relation for sound derived from the present theory
is compared with that from Meixner’s theory. Kinetic theoretical basis of the present approach is also
discussed.
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1. Introduction

Energy transfer from molecular translational mode to internal
modes, such as rotational and vibrational modes, affects the prop-
agation speed and attenuation of a sound in a gas composed of
polyatomic molecules. Especially when the frequency ω of the
sound is in the same order of magnitude as the inverse of the re-
laxation time of the energy transfer, 1/τ , the effect on the sound is
prominent. Such nonequilibrium phenomena are usually observed
in the ultrasonic frequency range.

The thermodynamic theory with nonequilibrium parameters
governed by the relaxation equations [1–3] has been utilized to
describe the phenomena for many years. In order to grasp the
essence of the theory, let us consider the simplest case where
only one relaxation equation for a nonequilibrium parameter ξ

is present in addition to the system of Euler equations for a gas
that expresses the mass, momentum and energy conservation laws.
That is, we neglect all dissipative processes but we take into ac-
count the relaxation process. The relaxation equation is introduced
in such a way that

ξ̇ = −β A, (1)
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where a dot on ξ represents the material time derivative, β is a
positive coefficient, and A is the affinity of the relaxation process
of the energy transfer that depends not only on ξ but also on other
thermodynamic quantities, say, the mass density and the entropy
density. When ωτ � 1, it was proved that the relaxation process
may be interpreted in terms of the dynamic pressure Π , which is
related to the gas velocity v as

Π = −νeff div v

with νeff being the effective bulk viscosity.
Although Meixner’s theory mentioned above seems to be nat-

ural, there remain some problems that should be overcome: (i) In
Meixner’s theory, the relaxation equation (1) is not fully congru-
ous with the Euler equations. It has not been introduced on the
same ground of the Euler equations as one of the general ther-
modynamic basic field equations. In fact, in a rarefied gas limit,
the relaxation equation is not consistent with its counterpart of
the moment equations derived from the kinetic theory of gases
[4]. See also Section 4.2 below. (ii) Meixner’s theory is formulated
within the framework of thermodynamics of irreversible processes
[3]. The local equilibrium assumption is premised from the begin-
ning. However, in such phenomena as ultrasonic wave propagation
where temporal and spatial changes are rapid and steep, this as-
sumption is not well-satisfied [5].

In this Letter, we propose a fully-consistent thermodynamic
theory of the sound propagation in a gas with the energy trans-
fer where the local equilibrium assumption is not necessarily valid,
and thereby try to extend Meixner’s theory. We adopt the theory
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of extended thermodynamics (ET) [6] of dense gases [7]. As before,
the essence of our theory can be most clearly shown by studying
the simplest case where only one dissipative process due to the
dynamic pressure exists. In Section 2, we derive the closed system
of field equations for gases. In Section 3, we study the dispersion
relation for sound and compare it with that derived from Meixn-
er’s theory. The last section is devoted to concluding remarks with
the discussions of subsystems and the kinetic theoretical basis of
the present theory.

2. Extended thermodynamics of real gases with 6 fields

First of all, let us recall that, for a rarefied monatomic gas, it is
simple to construct a rational theory of extended thermodynam-
ics as a hyperbolic counterpart of the Navier–Stokes–Fourier theory
because the hierarchy of the basic system of differential equations
is properly dictated by the kinetic theory [6]. While, for rarefied
polyatomic gases and for dense gases, a satisfactory theory was
not established [8–13] until the appropriate binary hierarchy of
the differential equations for dense gases with 14 fields has been
proposed by the present authors [7]. In fact, using only general
principles such as the Galilean invariance and the entropy prin-
ciple, we proved that the system of field equations can be closed
with respect to the independent field variables and the constitutive
functions are determined explicitly by the equilibrium thermal and
caloric equations of state.

2.1. Binary hierarchy of the differential equations

As mentioned above, we restrict our study within the simplest
case of 6 independent field variables, that is,

mass density: F (= ρ),

momentum density: Fi (= ρvi),

energy density: Gii,

trace part of momentum flux: Fii .

We adopt the following binary hierarchy (F-series and G-series, see
also Section 4.2) of the balance equations [7]:

∂ F

∂t
+ ∂ Fk

∂xk
= 0,

∂ Fi

∂t
+ ∂ Fik

∂xk
= 0,

∂ Fii

∂t
+ ∂ Fiik

∂xk
= Pii,

∂Gii

∂t
+ ∂Giik

∂xk
= 0, (2)

where Fik is the momentum flux, Fiik is the flux of Fii , Giik is
the energy flux, and Pii is the production with respect to Fii . The
equations with no production term represent the mass, momen-
tum and energy conservation laws.

As the balance equations (2) should be invariant under the
Galilean transformation, the dependence of the quantities on the ve-
locity can be expressed as follows [14]:

Fij = ρvi v j + Mij,

Gii = ρvi vi + mii,

Fiik = ρvi vi vk + 3M(ik vi) + Miik,

Giik = ρvi vi vk + mii vk + 2Mik vi + miik, (3)

where Mij , mii , Miik and miik do not depend on the velocity. Paren-
theses around a set of indices represent the symmetrization with
respect to the indices. The production Pii is also independent of
the velocity.

With Eq. (3), the balance equations (2) can be rewritten as

ρ̇ + ρ
∂vk

∂xk
= 0,

ρ v̇ i + ∂Mij

∂x j
= 0,

ṁii + mii
∂vk
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+ ∂miik
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+ 2
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Ṁii + Mii
∂vk
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+ 2

∂vi

∂xk
Mik = Pii . (4)

We notice that the quantities Mij , mii and mppi have the following
conventional meanings:

stress: ti j = −Mij (= −(p + Π)δi j − M〈i j〉),
specific internal energy: ε = 1

2ρ mii,

heat flux: qi = 1
2 mppi,

where the pressure p depends only on ρ and mii , Π is the dy-
namic pressure, and angular brackets denote the symmetric trace-
less part.

We may now adopt {ρ, vi,mii,Π} as a set of independent
variables instead of {F , Fi, Gii, Fii}. The balance equation of Mii
(Eq. (4)4) is then rewritten as
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.

2.2. Constitutive equations

We need the constitutive equations in order to set up the
closed system of field equations. We assume that the constitu-
tive equations at one point and time depend on the independent
fields at that point and time. Therefore the constitutive quantities
{M〈i j〉, Miik,miik, Pii} are expressed as functions of

(ρ,mii,Π).

We apply the constitutive theory of ET [6] where the following
universal physical principles (A)–(C) are imposed on the constitu-
tive equations:

(A) Material frame indifference principle: This requires that constitu-
tive equations are independent of an observer. This principle
and the Galilean invariance for the balance laws constitute the
objectivity principle (the principle of relativity).

(B) Entropy principle: All solutions of the system of field equations
must satisfy the entropy balance law:

∂h

∂t
+ ∂(hvk + ϕk)

∂xk
= Σ � 0 ⇔ ḣ + h

∂vk

∂xk
+ ∂ϕk

∂xk
= Σ � 0,

where h is the entropy density, hk is the entropy flux (hk =
hvk + ϕk: ϕk is the nonconvective entropy flux), and Σ is the
entropy production. Here h and ϕk are constitutive quantities:

h ≡ ĥ(ρ,mii,Π), ϕk ≡ ϕ̂k(ρ,mii,Π).

(C) Causality: This requires the concavity of the entropy density
and guarantees the hyperbolicity of the system of field equa-
tions. This also ensures the well-posedness (local in time) of a
Cauchy problem and the finiteness of the propagation speeds
of disturbances.
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