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It is shown that, in the self-consistent quantum statistical Hartree-Fock approximation, the number of
electronic states localized on one nucleus is finite. This result is obtained on the basis of the general
electron-nuclear model of matter and provides convergence of the atomic statistical sum and finiteness
of the “atom” size. In general approach the characteristic size of the “atom” is a function of density and
temperature. However, it is shown, that in a wide range of thermodynamic parameters, for relatively

low temperatures, characteristic orbits and electron energy eigenvalues are independent of density and
temperature. In this case, the sizes of the orbits are of order of the Bohr radius which is a minimal
characteristic size in the system for typical parameters of plasma with atomic states.
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1. Introduction

Real matter (gases, liquids, solids, plasma) is constructed from
nuclei and electrons interacting with each other according to the
Coulomb law [1]. It would be very desirable, based on the known
nucleus charge as an initial problem parameter and, based only
on the Coulomb law, to construct a scheme for calculating macro-
scopic properties of different media. The consistent approach to
implement such a scheme is based on the methods of the diagram
technique of the perturbation theory [1,2]. The main difficulties in
the realization of this approach are caused by the necessity of the
simultaneous consideration of both “localized” states of electrons
and nuclei (“atoms”, “molecules”, etc.), whose description requires
accurate summation of rows of the perturbation theory, and “delo-
calized” states which are quite successfully described within the
lowest orders of the perturbation theory [1,2]. As a result, “lo-
calized” states for weakly nonideal plasma are considered within
the second virial coefficient [1-4]. In this case, there arises the
known problem of the convergence of the statistical sum of the
hydrogen atom, which is directly related to its size [2]. A large
number of works are devoted to the solution of this problem,
where various procedures and physical mechanisms of “cutoff” of
the statistical sum of the atom were proposed, including the pa-
pers [5-12] which have already become classical (see [1-3] and
references therein for more details). In this case, the following
circumstance is very surprising. As is known [13,14], the self-
consistent Hartree-Fock approximation and its various generaliza-
tions are basic in calculations of the structure and energy spec-
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tra of atoms and molecules in quantum chemistry. Despite the
known statement that the self-consistent Hartree-Fock approxima-
tion is the best single-particle approximation in quantum statis-
tics [15], it is almost not used in the study of thermodynamic
properties of Coulomb systems, where “localized” states should
be taken into account [1]. This Letter is devoted to the solution
of the problem of convergence of the statistical sum of the hy-
drogen atom and its size finiteness, based on the self-consistent
quantum-statistical Hartree-Fock approximation for the Coulomb
system.

2. Two-component electron-nuclear plasma: Adiabatic
approximation and classification of the electron states

We consider the two-component Coulomb system (CS) in vol-
ume V at temperature T within the canonical ensemble con-
sisting of electrons (subscript e) and nuclei (subscript c), taking
into account the quasineutrality condition »,_, zgenl = 0. Here

1% = (Ng)©@m /v is the average density of the number of parti-

cles; Ng is the operator of the total number of particles of type a,
characterized by mass mg, the average density of the number of
particles ng, and charge zqe; angle brackets (- --)(“@ mean averag-
ing over the canonical ensemble. For such a CS, the Hamiltonian
HS = Hee + Hee + Hee in the secondary quantization representa-
tion is written as [1]

hz
Hoa=—5— / Y (V2P (r) dr + Vg,
Mg

Hec=fuec(r] —12)Ne(r1)Nc(rp) drq dr, (1)
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Here ug,(r) is the potential of the Coulomb interaction of par-
ticles of types a and b, y;"(r) and v,(r) are the field creation and
annihilation operators, Nq(r) = ¥, (r)4(r) is the density operator
of the number of particles of type a, which, in the coordinate rep-
resentation, is written as Ny (r) = Z,’i“l 8(r—RY). The values R are
the coordinates of particles of type a. We emphasize that the total
number of particles N, of each type in the canonical ensemble is
specified and is the C-number, Ng = [ Nq(r)dr = (Ng)©@™. The free
energy FC of the considered quasi-neutral CS consisting of the set
number of electrons N, and nuclei N, in volume V at tempera-
ture T, F = —TIn Sp{exp(—HTCS)}, in the adiabatic approximation
for nuclei, is written as

F
FO ~ —TlnSpC{exp(

ec — HCC
T 9

Hee + HGC
Rt ), ®

The quantity Fe. (3) is the free energy of the subsystem of elec-
trons being in the external field of stationary nuclei. In this case,
the operator of the density of the number of nuclei N.(r) in the
Hamiltonian Hec (1) is the C-number. At this stage, when consid-
ering the subsystem of electrons in the external field of stationary
nuclei, we proceed from the equivalence of the large canonical and
canonical ensembles, i.e., we suppose that the equality [16]

Fee=—-T lnSpe{exp<—

Fec = 2¢c + ,U«e(Ne>(GE),

§2ec = —T InSp, {exp[—

Hee"‘Hec_l/«eNei“ (4)

T

for the free energy F.. (3) is valid. In (4) the function 2. is
the thermodynamic potential of the subsystem of electrons with
the chemical potential . in the external field of stationary nu-
clei, whose value depends on the nucleus coordinates {Ric} as the
external parameters, (N.)©E) is the average number of electrons
as a function of temperature T, volume V, and chemical poten-
tial we. In this case, the quasineutrality condition takes the form
(Ne)©E) = z.N. and is used to determine the chemical potential
e of electrons.

Then, to describe the field operators ¥;H(r) and ¥,(r) in the
representation of occupation numbers [13], it is required to choose
a complete set of wave functions (r|{Qo},{Rf}) characterizing
single-particle electronic states with the energy E({Q})

v = Z({QU}’ {Ri}Ir)ajyo)
{Qo}

Ve = (rl{Qo}. {Rf}laiqo). (5)
{Qo}

in the external field of nuclei. Here aera] and agqq) are the
creation and annihilation operators of electrons in the state
(r{Qo}, {Rf}), {Qo} is the set of quantum numbers, including
the spin number o (hereafter, for simplicity, spin indices are not
considered). In the problem under consideration the set of co-
ordinates {Rf} of nuclei plays the role of eigenvalue parameters.
In this case, single-particle electronic states in the external field
of nuclei are classified into two groups [17]. One (A) is local-
ized (subscript “loc”) states characterized by exponential spatial
decrease with distance from localization centers. Among them are
the single-center bound states of electrons in atoms, two-center
ones in molecules, etc. Another group (B) is delocalized (subscript

“del”) states in which the electron propagates throughout the sys-
tem. The typical example of delocalized states are plane waves

. h2g2 . .
(rlq), (rlq) = (1/+/V)exp(iqr), €(q) = % which describe the be-
havior of the free electron with momentum fiq and energy €(q).
Thus, in the optimum case, the complete set of wave functions
for the representation (5) should describe both localized and de-
localized states of electrons. However, there are many problems
in this way. The first problem is “physical”; it is associated with
the fact that localized electronic states vary as thermodynamic pa-
rameters of the CS are varied; this leads, in particular, to the Mott
effect [18], i.e., disappearance of localized states. This means that
the quantum-mechanical consideration is insufficient for determi-
nation of localized states; quantum statistics effects should also
be considered. The second problem, to the solution of which this
Letter is devoted, is associated with the necessarily finite num-
ber of electronic states localized on one center. By the example of
the hydrogen atom considered within quantum mechanics ignor-
ing quantum statistics effects [13], it is known that the number of
bound electronic state is infinite, which leads, in turn, to the di-
vergence of not only the statistical sum for an individual atom, but
also to the unlimited atomic size at any nonzero temperature [2].
Based on combinatory reasons, E. Fermi [7] has shown that the
introduction of the finite size of atoms results in an exponential
limitation of the statistical sum. It is easy to see that the statistical
sum limitation to any maximum value of the principal quantum
number npax is also a simultaneous introduction of the finite size
of the atom. The absence of limitation, i.e., the case n = oo, is
the case corresponding to an infinite-size atom, which is meaning-
less (the size of the n-th orbit of the hydrogen atom is R, = n?ag,
where is the Bohr radius) [19]. Hence, it is impossible to correctly
use the “single-center” (in the sense of the localization center) ap-
proximation in the description of localized states. In this case, the
transition to the “single-center” approximation is meaningful when

the condition
-1/3
4mn
<r>c=< 3 ) , (6)

(Rq) < (e,

is satisfied, where (R;) is the “atom” size and (r). is the average
distance between nuclei (see below).

The consideration of the quantum statistics effects (with the
opportunity to pass to the thermodynamic limit) means that local-
ized electronic states for a separated nucleus should be considered
taking into account that the CS, as a system of many identical par-
ticles, contains many other electrons (electronic states). However,
the multiplicity of noninteracting electrons is already formally
taken into account in the used formalism of secondary quantiza-
tion (1), (2), (5).

The divergence directly follows from the definition of the elec-
tron distribution function f.(E({Q})) in states (r|{Q}, {Rf}) with

energy E({Q})
E— e -
- )+1} ,

(Ne) P =" fe(E), (7)
{Q}

fe(E) = (a?’Q}a{Q})(GE) = {exp(

when using energy levels of the hydrogen atom as energies. It
remains to hope that the “effective” consideration of the electron-
electron interaction while retaining the single-particle consider-
ation will make it possible to solve the problem of the finite
number of bound states in the “atom”, i.e., in the “single-center”
approximation for wave functions (it is clear that the “multicen-
ter” problem for localized electronic states is in principle unsolv-
able),
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