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A quantitative theory of the radiation process by ultrarelativistic electrons in ultrathin crystals is 
proposed. The theory is based upon the factorization theorem of the radiation cross-section and 
upon the description of the scattering process on the basis of the eikonal approximation of quantum 
electrodynamics. The conditions are obtained, under which the effect of radiation suppression in ultrathin 
crystals must take place. It is shown that these conditions may be fulfilled at the interaction of electrons 
with the energy accessible on CERN accelerator with ultrathin silicon crystals. Since the last years one 
can produce such crystals for the experiments in high energy physics. This opens new possibilities in 
study of interaction of high energy particles with matter.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

The bremsstrahlung process by ultrarelativistic electron in mat-
ter develops in a large space range along the motion direction of 
the particle which quickly increases with the particle energy. This 
space range is called the coherence length of radiation process 
[1–3]. At high energies this length may succeed the longitudinal 
size of the target, with which the electron interacts. In this case 
different coherent and interference effects in radiation may be-
come substantial, which may result in both increase and decrease 
of the radiation efficiency. In the case at which we can treat the 
electron radiation at collisions with different medium atoms as in-
dependent, the spectral density of radiation is proportional to the 
number of electron collisions with the medium atoms, and, con-
sequently, it increases linearly with the target thickness L. Such 
situation takes place at passing of fast electrons through thin layer 
of amorphous medium (see Fig. 1a), in the case that the mean 
square value of the multiple scattering angle of the particle by 
target, ϑ2

e , is small compared to the square of characteristic radi-
ation angle by relativistic electron, ϑγ ∼ m/ε, where m and ε are 
its mass and energy. Then the spectral density of radiation is de-
fined by the Bethe and Heitler formula and increases linearly with 
L [2]. At increase of the target thickness, nevertheless, the condi-

tion ϑ2
e < m2/ε2 is broken. In this case, as is shown in [4–6], the 
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Fig. 1. Radiation by ultrarelativistic electron at its interaction with thin layer of 
amorphous (a) and crystalline matter (b).

linear dependence on L of the spectral density of radiation changes 
into a more weak logarithmic dependence. In other words, in this 
case an effect of suppression of the spectral density of radiation 
takes place, as compared to the corresponding result by Bethe and 
Heitler. The uncommonness of this effect consists in the fact that 
with the increase of target thickness the number of electron col-
lisions with medium atoms increases, but, in the considered case, 

(lcoh � L and 
√

ϑ2
e (L) � m/ε), the radiation practically does not 

increase. This effect has the name of TSF-effect [4–8]. It was dis-
covered experimentally and studied on SLAC and CERN accelerators 
[7–9].

An analogous effect is possible at radiation by high energy elec-
trons in thin crystal (see Fig. 1b) [2,10]. In this case, nevertheless, 
not the bremsstrahlung will be suppressed, but the coherent radi-
ation by ultrarelativistic electrons. Than the conditions of appear-
ance of such effect in crystal, as compared to those in amorphous 
medium, may be fulfilled at lower electron energies and in larger 
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frequency range of radiated photons. This is connected with the 
fact that crystal atoms form a regular structure, and at passing 
of electrons through it the correlations between consequent col-
lisions of electron with the lattice atoms are substantial. Thanks to 
these correlations, a scattering of the particle in crystal occurs in a 
more intensive way than in amorphous medium. At this, the mean 
value of the scattering angles of the particles in crystal, ϑe(L), be-
comes comparable to the characteristic radiation angle by relativis-
tic electron ϑγ ∼ m/ε at much smaller target thicknesses than in 
amorphous medium (in crystal ϑe(L) ∼ L, whereas in amorphous 
medium ϑ2

e (L) ∼ L). An attention to the possibility of such effect 
was paid yet in works [11,12] at study of conditions of applicabil-
ity of the theory of coherent radiation by relativistic electrons in 
crystals [13–15].

The results obtained in [10–12], however, were only qualitative, 
so far as they were related to the interaction of electron with a 
single isolated atomic string. An experimental study of this effect 
was previously impossible in view of absence of ultrathin crystals 
indispensable for observing this effect.

In the last years new possibilities opened in this domain, con-
nected with the development of the technology of creation of ul-
trathin silicon crystals with thicknesses beginning from 100 nm 
which can be used in the experiments on high energy accelerators, 
and, in particular, at the energies accessible on CERN accelerator 
[16]. In this connection a necessity appeared to develop a quan-
titative theory of the effect of coherent radiation suppression by 
high energy electrons in ultrathin crystal and to execute a detailed 
analysis of conditions for appearance of this effect. The present pa-
per is dedicated to the solution of these problems.

The work is based on the use of the theorem of factorization 
of radiation cross-section into a product of the radiation probabil-
ity and the elastic scattering cross-section of a particle in external 
field and upon the description of the scattering process on the 
basis of the eikonal approximation of quantum electrodynamics. 
This lets do an analysis of the radiation process with taking into 
account the recoil effect at radiation. An important property of 
the developed approach is the fact that it lets describe quanti-
tatively the effects of suppression of both coherent radiation in 
crystal and bremsstrahlung in amorphous media on the basis of 
the same method. At this, in the considered approach a concept of 
continued potential reveals itself automatically. Obtained results let 
estimate the strength of the effect at different crystal thicknesses 
and formalize optimal conditions for discovery of the effect that is 
important for the setting of corresponding experiments.

2. Differential cross-section of radiation in eikonal 
approximation

In ultrathin crystal the conditions may be satisfied, at which 
the radiation formation length lcoh = 2εε′/m2ω is larger than the 
target thickness L (see Fig. 1), where ε and ε′ = ε − ω are initial 
and final electron energies and ω – the energy of radiated pho-
ton (we use the system of units in which the light speed and the 
Planck constant are equal to one). In this case the condition of ap-
plicability of the factorization theorem [2,17] is satisfied, according 
to which the cross-section of radiation is equal to the probability 
of radiation dW (q⊥)/dω multiplied by the elastic scattering cross-
section dσe(q⊥):

dσ(q⊥) = dW (q⊥) · dσe(q⊥), (1)

where q⊥ is the transversal component of momentum transmitted 
to external field,

dW (q⊥)

dω
= 2e2

πω

ε′

ε

[
2ξ2(1 + ω2/2εε′) + 1

ξ
√

ξ2 + 1
ln

(
ξ +

√
ξ2 + 1

) − 1

]

and ξ = q⊥/2m.

In a thin target at high energies the electron motion is close 
to be rectilinear. In this case the differential cross-section of scat-
tering can be considered in the eikonal approximation of quantum 
electrodynamics. In this approximation the scattering cross-section 
has the following form [2]:

d2σe(q⊥)

d2q⊥
= ∣∣a(q⊥)

∣∣2
, (2)

where a(q⊥) is the scattering amplitude,

a(q⊥) = − i

2π

∫
d2ρ ei�q⊥ �ρ(

eiχ0( �ρ) − 1
)
,

and

χ0( �ρ) = − 1

v

∞∫
−∞

dz U ( �ρ, z).

Here z and �ρ = (x, y) are the coordinates which are consequently 
parallel and orthogonal to the incident electron momentum, v is 
the particle speed and U ( �ρ, z) is the potential energy of inter-
action of the particle with an external field. In the considered 
problem

U (�r) =
NC∑

n=1

u(�r −�rn), (3)

where u(�r − �rn) is the potential energy of interaction of a particle 
with a single medium atom situated in the point �rn and Nc is the 
number of crystal atoms.

At q⊥ 	= 0 the differential cross-section of elastic scattering (2)
with taking into account of (3) may be expressed in the form

4π2 d2σe

d2q⊥
=

∫
d2ρ d2ρ ′ ei�q⊥( �ρ− �ρ ′)ei[χc( �ρ)−χc( �ρ ′)], (4)

where

χc( �ρ) =
NC∑

n=1

χ( �ρ − �ρn),

χ( �ρ − �ρn) = − 1

v

∞∫
−∞

dz u( �ρ − �ρn, z).

The positions of atoms in crystal �rn = �r0
n + �un have some spread 

�un relatively their equilibrium positions �r0
n , which is connected 

with the heat oscillations of atoms in the lattice, therefore, the 
cross-section (4) must be averaged over the values �un . In suppos-
ing for simplicity that the spread of positions of the atoms is the 
same for each lattice atom we come to the following expression 
for the average value of the elastic scattering cross-section (4):

4π2
〈

d2σe

d2q⊥

〉
=

∫
d2ρ d2ρ ′ ei�q⊥( �ρ− �ρ ′) F Nc

( �ρ, �ρ ′), (5)

where

F Nc

( �ρ, �ρ ′) =
Nc∏

n=1

∫
d2ρn f ( �ρn)ei[χ( �ρ− �ρn)−χ( �ρ ′− �ρn)]

and f ( �ρn) is the distribution function of positions of nth atom in 
the lattice by coordinates �ρn .

The crystal has a periodic structure. At passing of a particle 
through ultrathin crystal with cubic elementary diamond-like cell 
along one of its main crystal axes its collision with the crystal may 
be considered as a collision with a set of crystal atomic strings 
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