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1. Introduction

Let us consider a map

LX) = X = (X1, X2, ..., Xa), x,XeCd (1)

where C:=CU {oo} U {0/0}. Here {0/0} denotes a set of indeter-
minate points, which itself should be clarified in the study. Since
we consider rational maps it is convenient to write them as
N
I
where Nj(x), Dj(x) € C[x] are irreducible polynomials. We assume
that the map is birational.

Let j be one of {1,2,...,d} and denote by X; the variety of
zero set of Dj(x). We also denote X+ := Uj X;. The points on X+
are mapped to A(oo) := F(X1), which are divergent. But, unless
a point of A(oco) is a fixed point of the map, there is a possibility
that it returns to a finite point after some steps of the map. This
is the phenomenon known as singularity confinement (SC) [2,3].
If the points return to a finite region after ms iteration of the map,
we call this number mg., the ‘steps of SC. This means that none
of Dj.m“ﬂ)(Ej), j=1,2,....d, in F™c+tD(x}) is identically zero,
while Fs)(5;) is divergent. It is not difficult to see how this
phenomenon takes place [1]. If ¥~ is the zero set of the denomi-
nators of the inverse map F~!, it is mapped to F~1(X~) € A(00)

F:x=(x1,x,..

j=1,....d, (2)

* Corresponding author. Tel.: +81 42 677 2482x3386.
E-mail addresses: yumibayashi-tsukasa@ed.tmu.ac.jp (T. Yumibayashi),
saito_ru@nifty.com (S. Saito), wakimoto-yuki@ed.tmu.ac.jp (Y. Wakimoto).

0375-9601/$ - see front matter © 2013 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.physleta.2013.12.007

by the inverse map. Conversely the points on A(co) are mapped
back to X'~ by the forward map F. From this it is clear that when
FMs)(x2;) e F~1(X7), it is mapped to F™Ms*+D(x;) e ¥~, which
is finite:

X - F(Z)j) — F(Z)(Ej) S > F(msc)(z‘j) N F(mscﬂ)(zj) — ...
N n N N N

It 5 A(0) » A(0) — -+ »> FEV(Z7) — - - ...

(3)

This is the mechanism that the SC phenomenon undergoes.
We should mention here that, although we assumed that mg. is
common to all X;’s, this may not be true in general. Nevertheless
all examples we discuss in this paper will satisfy this condition.

Now we assume that the map has p invariants {Hq(x), H(x),
..., Hp(x)}. Since the map is constrained on the level set

V(h)={x| Hi(x) =hy, Ho(x) =ha, ..., Hp(x) = hp}

with h;’s being some constants, not all the periodicity conditions
F™(x) = x of period n, but only d — p of them are independent,
which we write as

rP€mn=0 j=12..d-p n>2 (4)

Here & = {&1,&2,...,&_p} is the coordinate which parameter-
izes the level set V(h). In general (4) will fix & for all h =
{h1,h2, ..., hp}, so that points of period n form a set of discrete
points. We notice that the fixed points of the map are not counted
as periodic points in (4) and hereafter.

But it might happen that some of the conditions (4) determine
relations among the invariants instead of fixing all &. If p >d/2,
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in particular, it is possible that all conditions (4) of some period k
determine relations among the invariants h, and do not fix & at all.
In this case the conditions (4), which we write as

y]-(k)(h):O, j:],z,...,d—P, (5)

specify the geometry of the level set V(h). We notice that all
points on the variety defined by

v(k)z{x|yj(k)(H(x))=0,j=1,2,...,d—p} (6)

are points of period k. We call v® an invariant variety of periodic
points, or IVPP, of period k. We have studied in [4] many ratio-
nal integrable maps and found that all their periodic points form
IVPPs, as far as p >d/2 is satisfied.

We can prove the following theorem [1,4].

IVPP theorem. When p > d/2, an IVPP and a set of discrete points of
any period cannot exist simultaneously in one map.

Let us present here an outline of the proof, but leaving the de-
tails to Ref. [1]. Suppose the points of period k are on the IVPP
v® of (6) and the points of period n (k) satisfy (4) and form a
discrete set of points. Since h is free in Fj(") (&,h) we can always

choose the level set to satisfy {yj(k) (h) = 0}. It means that the dis-

crete set of points of period n are on the variety v, which are
totally occupied by points of period k. This contradicts to our as-
sumption n # k.

Another important observation in [1] is the fact that IVPPs of
all periods can be derived iteratively once the map is recovered
from the SC. It was shown explicitly by studying the 3 dimensional
Lotka-Volterra map (3dLV),

1 — Xy + X2x3 1 — X3+ x3X%1 1—Xx1+Xx1x2
Foo = (4 ) @)

2 3
1—x34+x3%1  1—=x14+x1x2"  ~1—x3+x2x3

which has two invariants

F=x1xx3 — (1 —x1)(1 — x2)(1 — x3),
g=1+1—x1)(1—x2)(1—x3).
A point p©@ = (x1, x2, ﬁ) e ¥; ¢ ¥*, which satisfies D1 (p©@)

=0 is mapped iteratively according to

1
p<°)+(oo,o,1>+<1,o,oo)e(] x,xZ,xl)ezi (8)
— X1

hence the steps of SC is mg. = 3.
We notice that, in terms of the invariants, we can write p© as

p<°>:< f ef+g-1 f+g>
f+g f T g
Therefore it is apparent that all p™’s must be written only by the
invariants. In fact we find
p(3):<f+g g(f+g-1 f )
g’ f "f+sg
From this expression we see that the denominator D§3) of

X§3)(p<0)) is given by g. Because XV (p©@) is divergent, g must
vanish at the points of period 2. In other words the set of points
satisfying g(x) =0 form an IVPP of period 2. We can continue this
procedure to obtain all IVPPs of the 3dLV,

y@ =g yP=F+fg+g
Y@= ra-gf+o?

which agree exactly with those derived from the periodicity con-
ditions (4) directly [4].

We can apply this algorithm to other maps when the number
p of the invariants is d — 1. In fact we can derive IVPPs of 3d KdV
map and 4dLV map in this method. When p is less than d — 1,
a single polynomial of the invariants is not sufficient to determine
IVPP of each period. Since we have not studied such cases so far,
we must develop a new method. For this purpose we propose in
Section 2 a new algorithm and show in Section 3 how it works
when p =d — 2, including the 3 point Toda map.

2. Algorithm for general cases

The key point of the method used in the derivation of IVPPs of
the 3dLV map was to parameterize the zero set of the denomina-
tors of the map in terms of the invariants. We now ask if there
exists a way to derive IVPPs by the SC when d/2 < p <d— 2.
To answer this question we notice that, in addition to p©@ e X+,
we need d — p — 1 other conditions to write down p© by the in-
variants. We would like to propose, in this section, a set of such
additional conditions and provide an algorithm which enables us
to generate all [VPPs from the SC in general cases.

To this end let F be the rational map of (1) with p invariants.
We assume that p > d/2 and ms. is finite. Without loss of gener-
ality we assume p©@ e Xy, or equivalently D1 (p®) = 0. Now we
propose the following algorithm:

Algorithm

1. Determination of the initial point p©:
We impose additional d — p — 1 conditions ng) (P =0,
k=2,3,...,d — p and solve

(D0 =0.pP® =0.....0{" P =0,
Hy(0 =hy, Ho() =hy, ..., Hp(x) =hj) ©)

for x to determine p©® by the invariants h = (hy, ha, ..., hp).
2. Generation of IVPPs:
Compute F® (p©) and get

(DI (@), DI (pO), ..., DI ()},
k>mg —1,

from which we find d — p irreducible polynomials of h,
one from each element. They are nothing but {yj(k) (h)} of (5).

In order to justify our Algorithm we first notice that Dgz) (@)
is not identically zero when D%D(p(o)) = 0, because, otherwise,
D (p©®) =0 for all n>2, and contradicts to our assumption
that msc is finite. Therefore the conditions (9) can determine p©@.
The second part of the algorithm is apparent because the k period
conditions of the map require Dng) (@) =0if ng) (p©@) =0 for
all j.

3. Application to some maps

We have already derived the IVPP of period 3 of the 3 point
Toda map in [4]. We would like to mention, however, that the anal-
ysis using computer algebra becomes much harder as the degrees
of freedom of the map increases, if we derive the IVPPs directly
from the periodicity conditions of the map. We were not able to
find IVPPs of periods higher than 3 by using our personal com-
puter.

We apply, in this section, our algorithm in the cases of 4dLV,
5dLV and 3 point Toda map. The 3 point Toda map is related to
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