Physics Letters A 379 (2015) 1206-1212

www.elsevier.com/locate/pla

Contents lists available at ScienceDirect

Physics Letters A

PHYSICS LETTERS A

Theory of collisional invariants for the Master kinetic equation

Massimo Tessarotto ®°, Claudio Cremaschini *

@ CrossMark

@ Department of Mathematics and Geosciences, University of Trieste, Via Valerio 12, 34127 Trieste, Italy
b nstitute of Physics, Faculty of Philosophy and Science, Silesian University in Opava, BezruZovo ndm. 13, CZ-74601 Opava, Czech Republic

ARTICLE INFO ABSTRACT

Article history:

Received 5 January 2015

Received in revised form 12 February 2015
Accepted 13 February 2015

Available online 18 February 2015
Communicated by C.R. Doering

The paper investigates the integral conservation properties of the Master kinetic equation, which provides
an exact kinetic statistical description for the Boltzmann-Sinai classical dynamical system. It is proved
that, besides the customary Boltzmann collisional invariants, this equation admits also a class of
generalized collisional invariants (GCI). The result applies only when the number N and the diameter
o of hard-spheres are finite. This includes the case of dilute gases for which suitable asymptotic ordering

conditions hold. However, when the Boltzmann-Grad limit is performed on the Master kinetic equation,
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it is shown that the existence of GCI is not permitted anymore.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

In this paper the problem is posed of investigating key con-
sequences of the emerging new axiomatic “ab initio” approach
to classical statistical mechanics (CSM) recently established [1-3],
which led to the discovery of a non-asymptotic exact kinetic equa-
tion, to be identified with the Master kinetic equation [4]. Such an
equation, whose properties are recalled below, applies to the sta-
tistical description of a classical dynamical system (CDS) realized
by the Boltzmann-Sinai CDS (Sy-CDS). This is associated with a
system of N identical finite-size homogeneous and rigid spherical
particles, each having a constant diameter o and immersed in a
bounded subset of configuration space having rigid and stationary
boundaries. The spheres are intended as hard, elastic and smooth
with respect to all possible collisions which they can undergo [1].
These include arbitrary unary, binary as well as multiple collisions,
in which one or more particles can interact simultaneously among
themselves and/or with the boundary [1,5-7]. As shown in Ref. [1],
the SN-CDS is defined only provided the parameters N and o are
both considered as finite, namely such that N < oo and o > 0 re-
spectively. Nevertheless, the same parameters N and o can still
satisfy suitable asymptotic orderings, which correspond to precise
configurations of physical interest. These are referred to respec-
tively as granular fluid and dilute gas (or rarefied gas) asymptotic
ordering. The first case is prescribed by requiring
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1
=->1,

£
o~ 0(Y), (1)

and the second one by letting

1
=->1,
£
oK1,
Kn~ 0(&%). (2)

Here K, = No2 denotes the Knudsen number, implying therefore
that in the dilute gas asymptotic ordering the molecular diameter
o is of 0(g!/?).

The Master kinetic equation realizes a statistical description for
hard-sphere systems described in terms of the Sy-CDS. Hence, the
same kinetic equation provides a rigorous statistical treatment of
the molecular dynamics occurring in these systems for arbitrary
finite values of N and o in the sense indicated above.

Regarding the continuum limit when Eqs. (2) apply in par-
ticular, as shown in Refs. [4,3] the Master kinetic equation was
found to recover the customary Boltzmann kinetic equation when
the Boltzmann-Grad limit is taken (see discussion below in Sec-
tion 4). Nevertheless, the statistical treatment on which the new
kinetic equation is based departs in fundamental ways from the
traditional approach which, starting from the Boltzmann original
paper [8], has been widely adopted in the literature [9-12]. The
reasons are as follows. The first one concerns the functional set-
ting of the N-body probability density function (PDF), which now
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includes both stochastic and deterministic PDFs, namely ordinary
functions and distributions [1]. The second one is the physical
choice adopted for the collision boundary conditions (CBC), which
determine the dynamical evolution of the N-body PDF across arbi-
trary collision events. In contrast with the customary choice start-
ing from Boltzmann and based on the PDF-conserving boundary
conditions [11-13], the Master kinetic equation is built on the
modified collision boundary conditions discussed in Ref. [2] (MCBC,
see also the definition recalled below). As a consequence of such
a prescription, the equation applies to arbitrary dense and rar-
efied systems for which the finite-size of the constituent particles
must be accounted for [3]. Nevertheless, as already stated above, it
recovers the Boltzmann equation in the Boltzmann-Grad limit in
which particles are effectively treated as point-like [11,14-17].

In this connection, a fundamental problem which lies at the
very foundation of CSM consists in the determination of the col-
lisional invariants (CI) [8,18,19] which characterize the Master ki-
netic equation. Their precise knowledge in fact is a prerequisite
required for the construction of the corresponding fluid statisti-
cal description. The identification of the CI depends in turn on the
specific form considered for the statistical equation advancing in
time the kinetic PDF. Notice that, on general grounds, the latter
can in principle be assumed to be realized in terms of an evolu-
tion equation of the type

L1p1(Xq,6) =Cq. (3)

Here p1(x1,t) identifies the kinetic PDF parametrized in terms of
the Newtonian state X; = (r, v1) spanning the 1-body phase space
F](]) = Q](]) X U](]), with Q](]) =Q C R3 and U](]) = R3 be-
ing respectively the 1-body Euclidean configuration and velocity
spaces. Hence, the vectors r; and v; can always be represented in
terms of the orthogonal carthesian coordinates r; = (r1;,i =1, 2, 3)
and corresponding velocity components vi = (vqj,i =1, 2, 3). Fur-
thermore, Ly = 2 +v; - % and C; denote respectively the 1-body
free-streaming operator and an appropriate collision operator. The
customary definition of CI corresponding to a generic equation of
the form (3) is then provided by a real phase-function G(x1,t)
which satisfies the integral conservation law

/ dviG(xq,t)C1 = 0. (4)

Uiy

In the literature, the identification of the complete set of in-
dependent functions G(xi,t), satisfying Eq. (4) for the Sy-CDS, is
well-known [18] and is based on the Boltzmann kinetic equation.
In this case, in particular, p;(xy,t) is identified with a suitable
limit function of pl(N)(x1, t), with p{N) (x1,t) being the 1-body PDF.
The corresponding set of CI can then be represented by means of
the phase-functions

{c(th)}:{c;l:A,ngBv],cgch%}. (5)

Here G; = Bv; is a dyadic function with components G; =
(Biv1j,i,j=1,3), with B; and vq; for i, j = 1,3 denoting the
corresponding orthogonal carthesian components of B and of the
velocity vector vi. Furthermore A, B; for i =1,2,3 and C iden-
tify arbitrary real functions of (ry, t). The phase functions G(x1,t)
thus defined are referred to as Boltzmann collisional invariants (see
Refs. [18,20]). Such a result has been extended in the literature
to a variety of statistical equations of the type (3) (see for exam-
ple Refs. [9,11]). A development along this direction, worth to be
mentioned here, refers however to the modified BBGKY hierarchy
which has recently been established [3] for the Sy-CDS. Such a set
of equations applies in fact for the same Sy-CDS when, based on
first principles, the validity of MCBC is invoked for the physically-
admissible N-body PDFs. Indeed, as shown in Ref. [3] the same set

of invariants has been proved to hold when C; is identified with
the so-called 1-body modified BBGKY collision operator which is
obtained in terms of the modified BBGKY hierarchy. In this paper
we intend to show in particular that the existence of similar in-
tegral conservation laws, i.e., corresponding to the set (5), can be
established also in case of the Master kinetic equation.

On these premises, the answer to the issue posed above must
obviously depend on the specific realization considered for the col-
lision operator C; and, hence, also of the N-body PDF itself. In
particular, in the case of the Boltzmann equation, namely for point-
like particles, and for a generic non-Maxwellian PDF pq (X1, t), the
existence of the collisional invariants G(xi,t) (see Eq. (5)) usually
follows [18,19] by noting that for them the local identity

G, v\, 0 + G, v 6 — G, v 0 — Gy, v, 6 =0
(6)

applies. Concerning the notation, here and in the following the (+)
and (—) denote quantities defined respectively after and before a
collision event. The proof is obtained by invoking the conservation
laws of the microscopic particle collisions. For the Sy-CDS, these
are realized respectively, besides the identification G1 = A(ry,t),
with A(ri,t) denoting an arbitrary real function of (ri,t), by in-
voking the total linear momentum and total kinetic energy conser-
vation theorems across arbitrary collision events, i.e., in the case of
binary collisions between identical particles:

V§+) +vg+) _ vg_) _ vé—) =0, (7)

) ) () ) =0

This implies that, in the two cases (7) and (8), G(x1,t) must be of
the form G, =Bv; and G3 = Cv%, where B and C, just as A, are
still arbitrary, respectively vector and scalar, real functions of (ry, t)
only. Now, assume that G(Xq,t) is an analytic function of v; and
v%, to be formally considered as independent. Then it is immediate
to prove that the set {G(x1,t)} defined by Eq. (5) is also complete.
In fact, perspicuously, G(x1,t) can only be - at most — a linear
function alternatively of vy or v% respectively.

However, as shown in Ref. [3], an analogous result can be
reached in the case the Sy-CDS is associated with an ensem-
ble of N finite-size hard-spheres. In such a case the number N
remains by assumption finite, so that pi(x1,t) = p](N)(xl,t) can
be identified with the 1-body PDF, while the collision operator
Ci=C (péN)) determines the corresponding 1-body collision op-
erator of the modified BBGKY hierarchy. In standard notation this
reads

=)

N
Cl(/O; H=(N-1) / dx; |va1 -y |
@)
5(ry —ryq| cr)@(‘r Gn‘ O)
X f— [— _—— —_——
2 — I 2- 5m 5
N N
x [p§ 'oxP X b — ol )(X1,Xz,t)]. (9)
Here péN) (x§+),x§+),t) and péN) (X1, X2, t) denote respectively the

contributions coming from outgoing and incoming sub-domains of
velocity. The precise representation of the collision operator is pre-
scribed in terms of MCBC [1]. This requirement and its physical
interpretation have been earlier discussed in detail [2]. In the La-
grangian representation, assuming left-continuity of the PDF, these
are realized in terms of matching conditions for the outgoing and
incoming 2-body PDFs, namely respectively

ps” M @) %7 ).t = lim py" (%1 (0. %2(0).0). (10)
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