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In this Letter, we define here the so-called diffusion power – an extension of the dominance power,
which considers the interaction between neighbors of higher orders. Using this measure, we analyze
the centrality of cities in two networks of the flow of information among these cities, namely a network
of calls among the cities and a network of radio stations. Finally, we explain the centralities of the cities
evaluated using the diffusion power in terms of the specific characteristics of the cities that belong to
the network.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

Main stream research in the statistical physics field has been
to characterize the dynamics of systems such as airports [1], finan-
cial institutions [2–4], web pages [5], flow of information networks
[6,7], information city networks [8–11], social networks [12–14]
and chaotic interacting functions [15] that may be described by
complex weblike structures. Several comprehensive reviews on this
subject are now available [16–18].

In the literature of complex networks, one of the most im-
portant concepts called centrality is used to define the relative
importance of a node in a network. This concept can be defined
in several different ways. For a typical undirected unweighed net-
work, the simplest definition is the so-called degree of a node.1

Other popular definitions such as closeness centrality [19], which
is the inverse of the average distance from one node to all other
nodes, graph centrality [20], which is the inverse of the maximal
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1 This concept is a kind of first order approximation to the centrality of a node,

since it considers only the neighbors of first order.

distance from one node to all other nodes and efficiency [21],
which is the average of the inverse of the distance from one node
to all other nodes, are based on the characteristic path length of a
node. Another important concept in this context is the so-called
betweenness centrality [22,23] that counts2 the number of times
that a node lies in the path between the others. Some of these
measures built for undirected and unweighted networks may be
generalized for the case of directed and weighted networks [25,4].
For instance, if one can associate weights to the edges of a net-
work, the degree of a node can be generalized to be the in-strength
and out-strength of a node. While the former is the sum of the
weights of the edges that arrive to a given node, the later is the
sum of the weights of the edges that leave a given node. Fur-
thermore, if one is dealing with a geographic (spatial) network
where the distances between the nodes are previously defined,
closeness centrality, graph centrality and efficiency may be triv-
ially extended for the case of directed and weighted networks.

2 The way that the number of times that a path lies in the path between the
others is counted may vary depending on the definition. For instance, one may con-
sider any path or only the shortest paths between two nodes. A discussion about
this topic may be found in [24].
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An interesting revision of measures of centrality may be found
in [26].

A constraint that usually arises is when the distances between
the nodes are not previously defined, but only the weights of the
edges of a given network. In this situation, the issue is how to
define the distance from the previously defined weights. A path
to circumvent this problem is to use, for instance, in-strength or
out-strength measures defined above or the so-called dominance
power [27] of a node, which is a measure of the influence of a node
in all other nodes of the network relative to the influence of all
other nodes (this measure will be precisely defined in Section 2).
However, as in the case of the strength measure, this measure also
only considers the neighbors of the first order.

In this Letter, we analyze the centrality of cities in two net-
works of the flow of information among these cities, namely a
network of phone calls among the cities and a network of radio
stations. Since we do not have a previously defined distance among
the nodes of this network, we define here the so-called diffusion
power – an extension of the dominance power, which considers
the interaction between neighbors of higher orders. Furthermore,
we explain the centralities of the cities evaluated using the diffu-
sion power in terms of the specific characteristics of the cities that
belong to the network.

The subject has some resemblance with the topic of Opinion
Formation, since, in that field, there is information flow among
agents [28] and it may depend on an influence network [29].

The reminder of this Letter is structured in the following way.
Section 2 revises the measure known as the dominance power and
defines the concept of diffusion power. Section 3 describes the pro-
cess to construct the networks. Section 4 presents the results of
the application of the diffusion power in the evaluation of the cen-
trality of the cities that belong to the networks. Finally, Section 5
presents the main conclusions of this Letter.

2. Diffusion power

In order to define the diffusion power, we first revise the mea-
sure of centrality known as dominance power introduced by [27].
For a directed weighted network, the dominance power measures
the influence of a node i on its neighbors normalized by the influ-
ence of all other nodes of the network on these neighbors as given
by equation

β(i) =
∑

j �=i

wij

sin( j)
(1)

where wij is the weight of the edge that comes from i and goes
to j and sin( j) is the in-strength of node j given by

sin( j) =
∑

k

wkj . (2)

As already stressed, since this measure defines centrality consider-
ing only the neighbors of first order, it does not measure the effect
of the propagation of the influence of a node by its neighbors.

Therefore, we extend this concept accounting for the propaga-
tion of the higher order neighbors as given by equation

D(i) =
∑

j �=i

[1 + f D( j)]wij

sin( j)
(3)

where f is a free parameter defined in the interval [0,1) that
measures the effects of higher order interaction among the nodes
of a network. Furthermore, f defined in this interval ensures
that the solution of the linear system defined in Eq. (1) may be
found iteratively and it will converge to a fixed point [30]. Fi-
nally, if f = 0, the diffusion power is equal to the dominance
power.

The idea proposed here to evaluate the diffusion power is quite
similar to the idea of the Google founders [31] used to calculate
the page rank:

P (i) = (1 − d) + d
∑

j �=i

w ji
P ( j)

sout( j)
. (4)

In the page rank expression above, w ji is 1 if there is a link point-
ing from page j to page i, and zero otherwise.

The damping factor (d) used in page rank represents the proba-
bility that a surfer who reaches a given page clicks in a link on that
page, moving to the next page. In our model, the damping factor
is the probability that an information received by a node is for-
warded to another node. There is not a consensus about the value
that should be used for the damping factor, but the original paper
from Brin and Page [31] suggested using 0.85.

A detailed discussion of the page rank may also be found
in [26]. It is also worth remarking that the page rank has been
extended in several directions. A revision of these attempts may
be found for instance in [32].

3. Description of the networks data

In this Letter, by measuring the centrality among the cities, we
are trying to find the most influential cities. In particular, we con-
sider here two different networks of Brazilian cities, namely an
undirected weighted network where the weight is the number of
phone calls from one city to the other and a directed network
where the weight is the number of radio stations of a city that
reaches the other city.

3.1. The network of calls among the cities

Although there are few examples of networks of calls consid-
ered in the literature such as [33,34], we believe that the idea of
using a network of call in order to identify the most influential
cities is new.

The network considered here is based on a data file provided
by the Brazilian Agency of Telecommunications with information
about the number of calls between two cities and the total number
of minutes of the calls between two cities. The data was assembled
from all phone calls between wired phones located in one of the
5555 Brazilian municipalities which have access to this service dur-
ing the month of September of 2008. As one may note, this data
allowed to build a directed network. However, we decided to build
an undirected network since in a phone call the information flows
in both directions. Furthermore, instead of building the weights of
the network based on the number of minutes, we decided to con-
sider the number of calls, since most relevant information is given
in few minutes.

3.2. The network of radio stations

As far as we know, a network based on radio stations is a to-
tally new idea. In Brazil, mainly in the countryside, radio stations
still have a fundamental role in the dissemination of information
between close cities.

The network of radios was built here based on a data file
provided by the Brazilian Agency of Telecommunications and the
Ministry of Telecommunications. Two cities are connected in this
directed and weighted network if at least one radio station from
one city reaches the other city. The network is directed and the
weight of the connection is used to count the number of the sta-
tions of the source city that reaches the target city.
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