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Antisynchronization in coupled chaotic oscillators
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Abstract

The dynamics behaviors of coupled Saito’s oscillators are investigated intensively. Various phenomena are explored such as antisynchronization
(AS), hysteresis, bistability, riddled basin and coexistence of chaotic AS and lag AS. With increasing coupling intensity, the coupled chaotic
oscillators undergo a transition from phase synchronization to AS. With decreasing coupling intensity, they will transit from AS to antiphase
synchronization. The necessary condition for AS is explored and the stability of AS is studied.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The synchronous phenomena of coupled identical chaotic
systems have received a great deal of interest since the pio-
neering works by Fujisaka and Yamada [1], Afraimovich [2],
and Pecora and Carroll [3]. Various synchronization phenom-
ena are being reported as complete synchronization (CS) [3,4],
phase synchronization (PS) [5], lag synchronization (LS) [6,7],
generalized synchronization (GS) [8–10]. Among these syn-
chronizations, CS is the strongest in the degree of correlation
and describes the interaction of two identical systems, leading
to their trajectories remaining identical in the course of tempo-
ral evolution, i.e., x1(t) = x2(t) as t → ∞. PS describes that
the mismatch of the phase is locked within 2π of nonidenti-
cal chaotic oscillators, whereas their amplitudes may remain
chaotic and uncorrelated. LS has been proposed as the coin-
cidence of the states of two coupled systems in which one of
the system is delayed by a finite time τ , i.e., x1(t) = x2(t + τ).
GS, as introduced for drive-response systems, is defined as the
presence of a functional relationship between the states of the
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responser and driver, i.e., x1(t) = F(x2(t)). However, antisyn-
chronization (AS) is also an interesting phenomenon in coupled
oscillators since the first observation of synchronization be-
tween two pendulum clocks by Huygens in 17th century. AS
is also observed depending on initial condition in the coupled
Lorenz system [11], Chua circuit [12], and coupled map [13].
AS phenomena have even been observed experimentally in the
context of self-synchronization, e.g., in salt–water oscillators
[14] and laser systems [15]. However, AS is somewhat differ-
ent from antiphase synchronization (APS) [16], since AS gets
only when the summation of two signals converge to zero, while
APS means π phase-delay PS.

The main goal of this work is to investigate the AS phenom-
ena occurred in a system of two diffusively coupled identical
Saito’s oscillators [19]. As couple switches on, the system un-
dergoes a transition from PS to AS with increasing couple in-
tensity, while transition from AS to APS with decreasing couple
intensity. Hysteresis, bistability, and first-order transition be-
tween these two branches are observed. Moreover, coexistence
of chaotic AS and lag AS, the riddled basin [17,18] can be ob-
served in the AS state. General theory for AS in coupled chaotic
oscillators is offered as the necessary condition and the criteria
for the stability of AS. The Letter is organized as follows: in
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Section 2, we give the necessary condition and the criteria for
the stability of AS. Section 3 explores the AS phenomena in
the coupled Saito’s oscillators. More interesting phenomena as
hysteresis, bistability, riddled basin and coexistence of AS and
lag AS are discussed in Section 4. Finally the conclusion and
discussion are offered.

2. Necessary condition and stability analysis of AS

The model of two diffusively coupled identical oscillators is
described as

Ẋ1 = f(X1) + εΓ (X2 − X1),

(1)Ẋ2 = f(X2) + εΓ (X1 − X2),

where Xi ∈ RN (i = 1,2), f :RN → RN is nonlinear and ca-
pable of exhibiting rich dynamic such as chaos, ε is coupling
strength, and Γ describes coupling scheme. If Eq. (1) pos-
sesses the property of AS, and there exists an anti-synchronous
manifold (ASM), M = {X1 = −X2 = X∗}, which satisfies the
equation below:

Ẋ∗ = f
(
X∗) − 2εΓ X∗,

(2)−Ẋ∗ = f
(−X∗) + 2εΓ X∗.

To keep the compatibility between two equations in Eq. (2),
the necessary condition for AS can be given as: the nonlinear
function f(x) is an odd function of x, i.e., f(−x) = −f(x). How-
ever, the noticeable thing is that the AS state is not the solution
of isolated oscillators any more, which is quite different with
the state of complete synchronous manifold. The stability of
the state of AS can be determined by letting Xi = X∗ + ηi , and
linearizing Eq. (1) about X∗(t). This leads to

(3)

(
η̇1
η̇2

)
=

(
Df(X∗) 0

0 Df(−X∗)

)(
η1
η2

)
+ εΓ B

(
η1
η2

)
,

where Df(X∗) is the Jacobian of f on X∗, and matrix

B =
(−1 1

1 −1

)
.

Since f(x) possesses odd function property, we have
Df(−X∗) = Df(X∗) and linear stability equations can be diag-
onalized by expanding into the eigenvectors of B , η = ∑

δiφi .

Carrying this out gives δ̇i = [Df(X∗) + ελiΓ ]δi (i = 1,2)

where λi = 0,−2 is the eigenvalues of B , which indicates that
ASM coincides with the subspace spanned by the eigenvector
of B with eigenvalue λ = −2. The λ = 0 mode governs the
motion transversal to ASM. This mode has Lyapunov expo-
nents Λ

(0)
1 � Λ

(0)
2 � · · · � Λ

(0)
n . Therefore AS is stable if and

only if Λ
(0)
1 < 0. While the dynamics on ASM is determined

by λ = −2 mode and it is possible to observe rich dynamics for
the state of AS no matter how the isolated oscillator behaves.

3. AS in coupled Saito’s oscillators

In our discussion, we let Xi = (xi, yi, zi) (i = 1,2), and fo-
cus on the Saito’s oscillator, which gained wide popularity as
a classical hysteretic double-screw chaotic oscillator, and con-
tains a nonmonotone current-controlled hysteresis resistor R,
and inductor L, a capacitor C and a linear current-controlled
negative resistor NR , in addition to the transit inductance L0
(Fig. 1(a)) modeled and analyzed in detail [19] and was used
as the units of State Controlled Cellular Neural Network (SC-
CNN), which can generate the hyperchaotic signals for the se-
cure communication [20]. It is modified by Elwakil [21] and
modeled as

ẋ = μ(y − x − z),

ẏ = (1 − 1/α)y − x,

ż = β
(
x − f (z)

)
,

(4)f (z) = α1z + α2
(|z + m| − |z − m|).

Oscillator described by Eq. (4) has chaotic attractor as shown
in Fig. 1(b) with parameter μ = 1/2, α = 2.5, α1 = 10, α2 =
−7.5, β = 5,m = 1. Since it owns odd function property, AS
is possible according to the analysis in Section 2. Let coupling
scheme to be

Γ =
(0 0 0

0 0 0
1 0 0

)
.

Fig. 2(a) gives the bifurcation of x1 + x2 versus the coupling
constant, the dots in the graph is the local maximum of x1 + x2
and initial conditions are got from the state of last parameter
adding proper noise. The system gets to AS as x1 +x2 converge

Fig. 1. (a) The circuit model of Saito’s oscillator. (b) The chaotic attractor of single modified Saito’s oscillator described in Eq. (4).
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