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We study the scattering of massless Dirac particles by oscillating barriers in one dimension. Using the
Floquet theory, we find the exact scattering amplitudes for time-harmonic barriers of arbitrary shape. In
all cases the scattering amplitudes are found to be independent of the energy of the incoming particle
and the transmission coefficient is unity. This is a manifestation of the Klein tunneling in time-harmonic
potentials. Remarkably, the transmission amplitudes for arbitrary sharply-peaked potentials also become

independent of the driving frequency. Conditions for which barriers of finite width can be replaced by
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1. Introduction

Shortly after Dirac formulated his celebrated equation for rel-
ativistic electrons [1,2], Klein discovered that Dirac particles un-
dergo anomalous tunneling at high potential barriers [3] (see
Ref. [4] for a review). The classical example used to discuss the
Klein tunneling is the potential step. When the potential exceeds
the rest mass energy, low-energy electrons falling onto the po-
tential step are always transmitted. As a consequence, a strong
electrostatic barrier is not able to confine electrons to one side
of it [5]. As pointed out by Sauter, this effect is quite indepen-
dent of the potential profile and eventually depends only on its
strength [6]. However, due to the unrealizable high potentials re-
quired, Klein tunneling was regarded as a curiosity in the context
of relativistic quantum mechanics.

With the development of experimental methods to isolate
graphene [7] came a renewed interest in Klein tunneling [8-10].
The reason for this interest is that electrons close to the Fermi
energy can be described by the Dirac Hamiltonian for massless
particles [11]. In this material Klein tunneling manifests itself as
the occurrence of perfect transparency of barriers at normal inci-
dence, as predicted by Katsnelson et al. [12,13] and later observed
in experiments [14,15].

In this work we consider a massless Dirac particle moving in
1+ 1 dimensions scattered by a time-dependent potential barrier.
Using the Floquet theory we find the exact transmission ampli-
tudes when the barrier is an arbitrary sharply-peaked function at
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the origin x = 0, approaching the §-function limit. We also study
the transmission properties of massless Dirac electrons imping-
ing on time-harmonic barriers of finite width and arbitrary shape,
and the exact scattering amplitudes will be compared to those
corresponding to a sharply-peaked function. The comparison will
allow us to establish the conditions under which a finite-width
barrier can be replaced by its §-function limit. We conclude that
the §-function potential is a good approximation to more complex
time-dependent barriers whose width is smaller than any other
relevant length scale of the problem.

2. Time-harmonic sharply peaked barrier

In this section we study the scattering of massless Dirac
particles by a time-dependent potential barrier of the form
V(x,t) = g(t)F(x). The spatial part of the potential F(x) is as-
sumed to be sharply peaked at the origin x = 0, approaching the
§-function limit. Importantly, care must be taken when dealing
with §-function potentials in the Dirac equation [5,16,17]. The re-
sulting equation is ambiguous if one takes the limit F(x) — §(x)
from the outset. The origin of the ambiguity is the following. Since
the Dirac equation is linear in momentum, the wave function
itself must be discontinuous at x =0 to account for the singu-
lar §-function potential. However, the product of a discontinuous
function and the §-function is mathematically ill defined. This
ambiguity can be overcome by solving the corresponding Dirac
equation for any arbitrary sharply peaked function and then taking
the §-function limit with the constraint fooj F(x)dx=1 [5].

To obtain the proper boundary condition at the origin, we start
with the 1+ 1 massless Dirac equation
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ivr(x,t)= [—iox%—i-V(x, t)}//(x, t), (1)
with V(x,t) = g(t)F(x). The dot indicates the derivative with re-
spect to time and the Pauli matrix oy acts on the two-component
wave function ¢ (x,t). We take units where the speed of light
and h are equal to unity. The appropriate boundary condition
for a time-independent sharply-peaked potential was obtained by
McKellar and Stephenson in Ref. [5] We now generalize this ap-
proach for the time-dependent potential at hand. To this end we
cast (1) in the form

a ~
& '/,(Xv t) = G(X» t)]/,(xa t)v (23)
where
Gx,t) = —ax[% + ig(t)F(x)}. (2b)
Eq. (2a) is solved by a Neumann solution
Y (x, 1) =ﬁexp|:/dx’6(x’, t)i|1p(x0, 1), (3)
X0

where P is the spatial ordering operator. Taking the limits x — 0
and xg — 07, only the second term of the operator G, namely
—ioyg(t)F(x), contributes to the integral. This dominant term in
the exponential commutes at spatially separated points, so we may
set P=1. Recalling the constraint f(?j F(x)dx =1 we finally arrive
at the following boundary condition

¥ (07, t) =exp[ig(t)ox] ¥ (07, ¢). (4)

In the absence of the potential term (V (x,t) = 0), solutions of
the massless Dirac equation (1) can be written as

1 1

Notice that ¢ are eigenvectors of oy since ox¢, = +¢_. Free so-
lutions are then found to be plane waves traveling to the left or
to the right, as deduced from the corresponding current density
jr=vlow. =%1.

We now turn to our main goal, the study of the effects of
the oscillating barrier on the particle tunneling. The time depen-
dence of the potential will be taken as g(t) = go + g1 coswt here-
after. As in the case of the Schrédinger equation for an oscillating
s-function potential [18], the Floquet theory allows us to write the
wave function in terms of the free solutions (5) as follows

wi(x’ t) — ¢iel’E(:|:X7t)’

Y=Y Axe B x3£0, (6a)

n=—oo

where E, = E 4+ nw, E is a quasi-energy and n is the sideband
channel index. Since we are interested in electron transmission
across the barrier, we take the following ansatz for the spinors
A (x) in the expansion (6a)

Snoe'En¥p, + e~ EnXg_ . x <0,

tnelEv—ig0g (e

An(x) =i" x {

x> 0.

The first phase factor i" is introduced for later convenience. Fur-
thermore, the second phase factor exp(—igp) will cancel the
term exp(ioxgp) after applying the boundary condition (4) since
exp(ioxgo)¢ . = exp(igo)¢ . These two phase factor have no ef-
fect on the transmission probabilities |t;|2 but will simplify the
final expression of the transmission amplitudes.

It is straightforward to calculate the time-averaged current den-
sity of the wave function (6)

21 /w
. w + 1-R, x<0,
()= T Y ) oxy(x,0)dt = (7a)
T T, x>0,
0
where
o0 o0
R= D" Im  T= Y |tf (7b)
n=—0o< n=—o00

are the reflection and transmission probabilities, respectively.

Inserting the ansatz (6) in Eq. (4), multiplying by exp(iEpnt), m
being an arbitrary integer, and time-averaging over one period we
get

Smobs +Tmb_= Y Jnon(@)tadr, m=0,%1,....  (8)

n=—oo

where J;(z) denotes the Bessel function of the first kind. After
multiplying from the left by ¢T we conclude that r, = 0. Con-
sequently, the reflection probability R vanishes. From (8) with
rm = 0, and recalling the orthonormality condition of Bessel func-
tions, one finally gets

th=J-n(g1), n=0,%£1,..., (9)

which satisfies T = Zﬁ‘;foo [ta]®> =1, as expected from the previ-
ous result R =0.

Several important conclusions can be drawn from the above re-
sults. First, the transmission probability is always unity, indicating
that Klein tunneling persists even if the barrier is harmonically
modulated in time (g1 # 0). Nevertheless, the transmission prob-
ability through the elastic channel To = |to|? = J2(g1) <1 is re-
duced as compared to the static barrier, for which Ty = 1. Second,
the transmission amplitudes given by (9) are independent of the
quasi-energy E and the driving frequency w. We will see in the
next section that the latter is a consequence of the peculiarities of
having an infinitely narrow barrier.

3. Time-harmonic square barrier

We now consider the scattering from a square barrier of finite
width a. In this situation, the potential appearing in the massless
Dirac equation (1) is
Vix. t):{vo+v1 coswt, a/2 <.x<a/2, (10)

0, otherwise.
Solutions of the Dirac equation (1) with the time-harmonic poten-
tial (10) can be again written down as in Eq. (6a), now including
the origin of coordinates x = 0 since the potential is nonsingu-
lar everywhere. Outside the barrier region (|x| > a/2) the spinors
Ap(x) are expressed as combination of traveling waves

8noei(Enx+Voa/2)¢+ +rne—i(Enx+V0a/2)¢7’
X< —a/2,

tnei(Enx—VOa/2)¢+’
xX>a/2,

An(x)=i" x (11a)

where the phase factors i" and exp(+iVpa/2) are introduced for
later convenience. Inside the barrier region, solutions are of the
form (see, e.g., Refs. [19-21])

o0

Anx)= Y [Ape!Er=V0%g 4 e~ FrmVorg ]

p=—00
X Ja—p(Vi/w),
where x < |a/2|.

(11b)
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