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Full counting statistics is a powerful tool to characterize the noise and correlations in transport through
mesoscopic systems. In this work, we propose the theory of conditional spin counting statistics, i.e., the
statistical fluctuations of spin-up (down) current given the observation of the spin-down (up) current.
In the context of transport through a single quantum dot, it is demonstrated that a strong Coulomb
interaction leads to a conditional spin counting statistics that exhibits a substantial change in comparison
to that without Coulomb repulsion. It thus can be served as an effective way to probe the Coulomb
interactions in mesoscopic transport systems. In case of spin polarized transport, it is further shown that
the conditional spin counting statistics offers a transparent tool to reveal the spin-resolved bunching
behavior.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

The exploration of full counting statistics (FCS) in mesoscopic
systems has vital roles to play in providing penetrating insight
into microscopic mechanisms in transport and temporal correla-
tions between charge carriers which are not accessible from the
conventional measurements of time-averaged current alone [1–3].
Particularly, recent advances in nanotechnology have made it pos-
sible to measure electron transport processes that take place at
single-electron level [4–13]. All statistical cumulants of the num-
ber of transferred particles can now be extracted experimentally.

Theoretical study of FCS based on the scattering approach turns
out to be very powerful for characterizing statistics of noninteract-
ing electron transport through various systems, such as normal-
superconductor structures [14–17], chaotic cavities [18–22], and
electron entanglement detection devices [23–25]. Yet, with contin-
ued miniaturization of the system size, the involving many-particle
interactions become increasingly important in mesoscopic trans-
port [26,27]. For that purpose, a generalized quantum master equa-
tion (QME) approach has been established by Bagrets and Nazarov,
with the Coulomb interactions being fully taken into account [28].
This approach has been widely employed to analyze the FCS in
a variety of structures, for instance, quantum dot (QD) systems
[29–35], molecules [36–40], and nanoelectromechanical resonators
[41–43]. Furthermore, the QME approach was recently extended to
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investigate finite-frequency FCS [44,45] as well as non-Markovian
dynamics [46–50].

For statistically independent tunneling events, the current fluc-
tuations exhibit Poissonian statistics. Normally, the presence of
Pauli exclusion principle, which prohibits two fermions of the same
spin to be superimposed, leads to the suppression of the current
noise below the Poisson value [51,52]. On the other hand, Coulomb
repulsion acts as another important correlation mechanism that
might enhance or inhibit noise, depending on different physical
regimes concerned [53–58]. Yet, in reality it is quite difficult to dis-
tinguish the effects of Coulomb repulsion and the Pauli principle in
the charge current noise. It is thus instructive to find a transparent
and direct way to characterize the degree of Coulomb correlation
in mesoscopic transport. For this purpose, we propose in this work
the theory of conditional spin counting statistics: The statistical
fluctuations of spin up (down) current given the observation of the
spin down (up) current. The inspiration of this theory comes from
fact that the Pauli exclusion principle only acts on fermions of the
same spin, while electrons with opposite spins are only correlated
via the Coulomb repulsion.

First, we consider electron transport through a single QD
tunnel-coupled to two normal electrodes. Although the net cur-
rent is spin unpolarized, the up and down spins are intrinsically
correlated to each other via Coulomb repulsion. It is demonstrated
that the Coulomb correlation gives rise to conditional spin count-
ing statistics that exhibits a substantial change in comparison to
the uncorrelated one. It thus may be utilized as an effective way to
characterize the Coulomb correlation in various mesoscopic trans-
port systems.

0375-9601/$ – see front matter © 2014 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.physleta.2014.01.031

http://dx.doi.org/10.1016/j.physleta.2014.01.031
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/pla
mailto:jyluo@zust.edu.cn
http://dx.doi.org/10.1016/j.physleta.2014.01.031
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physleta.2014.01.031&domain=pdf


J.Y. Luo et al. / Physics Letters A 378 (2014) 892–898 893

Fig. 1. Schematic setup of transport through a single QD in different bias configura-
tions. (a) Regime (i): The bias is large enough to overcome the Coulomb interaction
such that the two excitation energies εσ and εσ + U are within the bias window.
(b) Regime (ii): A small bias is applied across the QD, and only excitation energy
εσ lies in the bias window. Double occupation on the QD is prohibited. (c) The bias
voltage is applied in such a way that double occupation on the QD is partially al-
lowed. It offers an interpolation between the regimes (i) and (ii).

Second, we investigate conditional spin counting statistics for
spin polarized transport by taking into account ferromagnetic elec-
trodes. It is worthwhile to mention that the (unconditional) spin
counting statistics has been studied for many years [59–62]. It was
shown that spin current noise can be utilized to detect spin unit
of quasiparticles [63], to sensitively probe spin decoherence in a
spin battery [64], to reveal the discrete nature of the photon states
for a quantum dot coupled to a cavity field [65]. In comparison
with the unconditional spin counting statistics, we will show the
conditional one may serve as a transparent and sensitive tool to
investigate spin-resolved bunching behavior.

The rest of the paper is organized as follows. In Section 2,
we describe the single QD system under different bias configu-
rations, corresponding to different effectiveness of the Coulomb
correlations. We discuss in Section 3 the charge FCS, which will
be compared with the conditional spin counting statistics in sens-
ing the Coulomb repulsion. Section 4 is devoted to the theory of
conditional spin counting statistics. Its application to the single QD
system is demonstrated in Section 5, with focus on its effectiveness
in characterizing Coulomb correlation and spin-resolved bunching
behavior. It is then followed by the conclusion in Section 6.

2. The model

We consider electron transport through a single QD with
Coulomb interaction, as schematically shown in Fig. 1. The en-
tire system is described by the Hamiltonian H = HB + HQD + H ′ ,
with

HB =
∑

α=L,R

∑
kσ

εαkσ c†
αkσ cαkσ , (1a)

HQD =
∑
σ

εσ d†
σ dσ + Un↑n↓, (1b)

H ′ =
∑

α=L,R

∑
kσ

(
tαkσ c†

αkσ dσ + h.c.
)
. (1c)

Here HB models the noninteracting electrons in the left (α = L)
and right (α = R) electrodes, with c†

αkσ (cαkσ ) the electron cre-
ation (annihilation) operator in the corresponding electrode. The
electron distributions in the electrodes are governed by the elec-
trochemical potentials μL and μR, which define the voltage eV =
μL − μR. HQD describes the QD with one spin-degenerate en-
ergy level εσ and the Coulomb interaction U on the dot, where
nσ = d†

σ dσ is the occupation operator, with d†
σ (dσ ) the electron

annihilation (creation) operator in the QD. Electron tunneling be-
tween electrodes and QD is depicted by H ′ . The tunneling rate for
a spin-σ electron is characterized by the intrinsic tunneling width
Γασ (ω) = 2π

∑
k |tαkσ |2δ(εαkσ −ω). Hereafter we consider normal

electrodes, i.e. Γα↑ = Γα↓ , and assume flat bands in the electrodes,
which yields energy-independent couplings Γασ . The total tunnel-
coupling strength thus is given by Γα = Γα↑ + Γα↓ . Throughout
this work, we set h̄ = 1 for the Planck constant, unless stated oth-
erwise.

By specifying which excitation energies lie within the energy
window defined by the Fermi levels μL and μR, the following
bias configurations will be considered. Regime (i): The bias is
large enough to overcome the Coulomb interaction and thus the
excitation energy levels εσ and εσ + U are within the bias win-
dow defined by chemical potentials μL and μR, as schematically
shown in Fig. 1(a). The involving states include |0〉-empty QD,
|σ 〉-single occupation by a spin-σ electron, and |d〉-double occu-
pation. Regime (ii): Only the single level εσ is within the bias
window, as shown in Fig. 1(b). The charge transport is maximally
correlated. The states available are |0〉-empty QD and |σ 〉-singly
occupied by a spin-σ electron. By appropriately applying the gate
and bias voltages, the system can be tuned to the situation be-
tween the regimes (i) and (ii) as shown in Fig. 1(c). It allows us to
analyze the effect of finite Coulomb correlation on the conditional
spin counting statistics between the uncorrelated and maximally
correlation cases. Our analysis is based on a second-order Born–
Markov quantum master equation for Γ � kBT , where the sequen-
tial tunneling processes play the dominant role [66,67]. Higher
order tunneling events, such as cotunneling, Kondo effect are thus
suppressed. An approach of this type has been widely used in the
literature for studying bias voltage dependent transport character-
istics in various nanostructures [68], such as single [29,69,70] or
double QD [71], where typical step-like transport features were
revealed. In spite of the simple model considered here, we will
show that it is adequate to address the essence of the conditional
spin counting statistics and its effectiveness of characterizing the
Coulomb correlation and investigate spin-resolved bunching char-
acteristics.

3. Charge full counting statistics

In the single electron tunneling regime, an extra electron can
inject into the QD from the left electrode, dwell in the QD for a
certain amount of time before it escapes to the right electrode.
This stochastic process produces intriguing signatures of the elec-
tronic conductor. To study the fluctuations involved in transport,
we will utilize a Monte Carlo approach to simulate the individual
electron tunneling events. We first introduce two stochastic vari-
ables dNLσ (t) and dNRσ (t) (with values either 0 or 1) to represent,
respectively, the numbers of spin-σ electron injected into the QD
from the left electrode and that escaped to the right electrode from
the QD, during the small time interval dt . One then arrives at the
following conditional QME [72]

dρc = −iLρc(t)dt −
∑

σ=↑,↓

{
ΓLσA

[
d†
σ

] + ΓRσA[dσ ]

−PLσ (t) −PRσ (t)
}
ρc(t)dt

+
∑

σ=↑,↓
dNLσ

[
ΓLσJ [d†

σ ]
PLσ (t)

− 1

]
ρc(t)

+
∑

σ=↑,↓
dNRσ

[
ΓRσJ [dσ ]
PRσ (t)

− 1

]
ρc(t), (2)

where the involving superoperators are defined as Lρc ≡ [HQD,ρc],
J [X]ρc ≡ Xρc X† and A[X]ρc ≡ 1

2 (X† Xρc + ρc X† X). The super-
script “c” attached to the reduced density matrix denotes that
the quantum state is conditioned on the measurement results. For
single electron tunneling events (point process), the two classical
random variables satisfy
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