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Abstract

The thermodynamics of a dissipative two-level system is studied by means of the perturbation approach based on a unitary transformat
Both the Ohmic and non-Ohmic dissipative heat-bath are treated. Analytical results for entropy, specific heat, and static susceptibilitgé@re obtai
for the scaling limitA /o, <« 1 as well as the general® A/w. < 1 case. For the sub-Ohmic bath the transition between the delocalized and
localized phase is discussed. Our approach is quite simple and yet it gives correct thermodynamics for the lower-temperature region and v
coupling case.

0 2005 Elsevier B.V. All rights reserved.
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1. Introduction its spectral densitia,2]

During the past two decades the low-temperature proper-z 8 (@ — wp) = 20,0, 0’0 (0 — w), @)
ties of a two-level system coupled to a heat-bath (spin—-boson *
model, SBM) have attracted considerable attention, since it prayherew; is the dimensionless coupling constant &) is the
vides a universal model for numerous physical and chemicalsual step function. In this Letter we consider in general0
processefl,2], such as defect-tunnelling in solif, the exci-  spectra. Usuallys = 1 is called Ohmic baths > 1 the super-
ton excitation coupled to phonons in quantum ddisand the  Ohmic one, while 0< s < 1 the sub-Ohmic one.

macroscopic quantum coherence experiment in SQUIE]'s The Hamiltonian(1) seems quite simple. However, it cannot
The Hamiltonian of SBM is be solved exactly and various approximate analytical and nu-
merical methods have been ug&d20]. The dynamics of SBM
1 t 1 t as a function of the coupling, has been the subject of exten-
H=-ZAcy + Y wxblb + = bl + bi)o, 1 : : pling, has beer )
27 Xk: KoK ZXk:gk( b1 @ sive studies and the main theoretical interest is to understand

how the environment influences the dynamics of the two-level
hereb, (by) is the creation (annihilation) operator of boson SYStém and, in particular, how dissipation destroys quantum
mode with frequencys, o ando, are Pauli matrices to de- coherence. AIthoggh the thermodynamical proper‘gles of SBM
scribe the two-level system is the bare tunnelling amplitude should be also of interests, as far as we know, previous detailed

andg, the coupling constant. The heat-bath is characterized bytudies of the thermodynamics of SBM are not so much. The
path integral method was used by Goerlich and WEl$$ to

calculate the partition function of the dissipative two-state sys-
* Corresponding author. tem for both Ohmic and non-Ohmic dissipation. But, generally
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to small _tunnelling_A/c_uc <« 1. The numerical renormalization Hi= % ng(l — Ek)(bz + bk)gz

group with a fermionic bath was used by Cd&®] to study X

SBM with Ohmic dissipation. The Bethe-ansatz method was . 2k +

used by Costi and Zarar|@3] to determine the entropy, the — 5nAioy Z w—k%'k (g — bx). (6)

specific heat and the static susceptibility as functions of the tem- k

perature. This method is valid only fer= 1, since it depends / 8k t

on the mapping between Kondo model and SBM. Besides, sincd2 = ~ 34 (COSI’{Z a)_kgk (b — bk)} - ”)

the bosonization technique is used to map Kondo model to SBM k

[23], the equivalence between SBM and Kondo model is rigor- — }Aig (sinh{z &Sk (bT _ bk)}

ous only in the limit where the momentum cutoffdlgoes to 27 Wk k

infinity. This is equivalent tav, — oo in this work. This is to

say that, away from the scaling limit and wherQ\ < w,, the - Z ﬁék (b,;r - bk)>, (7)

equivalence between SBM and Kondo model is approximately K @k

and one can expect some deviation of the properties of SBN}here the renormalization of the tunnelling term is

from those of Kondo model. Very recently, the numerical renor-

malization group for a bosonic bath was used by Bulla et al. to g,g 2 Wi

study SBM with Ohmic as well as non-Ohmic spedit8)]. = exp|:— Z i COth(z_)]
If the tunnelling term in(1), —%on, is substituted by

—1co,, the model becomes the two-level (with level differ- Hy is now the unperturbed part éf’ and, obviously it can be

encee) independent boson modg24] which can be solved solved exactly since the spin and bosons are decoupled. The

exactly. The physical difference between the two models is th@igenstate ot is a direct product|s)|{n;}), where|s) is the

following: The spin—boson coupling in SBM (the third term in eigenstate o, |s1) = %(i) or |s2) = %2(_11) and|{ny}) is

(1)) describes a transition between two eigen-statesfio,  the eigenstate of bosons with bosons for modé. In particu-

(the first term in(1)), but in independent boson model the |ar, |{0;}) is the vacuum state in whiok, = O for everyk. The

k

207 ®)

fermion—boson interaction is on the level. ground state of;, is
In this Letter we study the thermodynamics of dissipative
SBM with as > 0 spectral density. We present a new analyti-|go) = |s1)}{0k}). (9)

;ﬁlﬁﬁgoacﬂzo] pased on the unitary t'ransformatlon methoq H; and H,, are treated as a perturbation and they should be
perturbation theory for calculating the thermodynaml%s small as possible. For this purpesés determined as
quantities of SBM. Usually, people believe that perturbation ap- '

proach is not good for dissipative SBM because of the infrare%k _ Wk (10)
divergence in calculating the renormalized tunnelling frequency”  wi + noA’
and other physical quantities by perturbation expansion. Herﬁ/hereno — n(T = 0). Note that 0< & < 1 measures the in-
we try to get rid of the divergence by using a unitary trans'tensity of the spin-boson coupling; ~ 1 if the boson fre-
formation. This approa_ch works V\_/eII for the Iow-temperaturequencywk is larger than the renormalized tunnellingA: but
reg|on and weak coupling case with<0A < w,. Throughout £ < 1 for wy < noA. Since the transformation generated by
this Letter we set = 1 andkp = 1. S is a displacement one, physically, one can see that high-
) ] frequency bosonsaf > noA) follow the tunnelling particle
2. Unitary transfor mation adiabatically because the displacementgi$i/wi ~ gk/wk.
However, bosons of low-frequency modes< oA in general
Here we present a treatment using a unitary transformaare not always in equilibrium with the tunnelling particle, and
tion. The transformation, which is defined HS= exp(S)H x  hence the particle moves in a retarded potential arising due to
exp(—S), is applied toH and its aim is to take into account the the low-frequency modes. When the non-adiabatic effect dom-
correlation between the spin and bosons. We propose the fohates,w; « 7oA, the displacemens, <« 1. Because of this

lowing form for the generator: definition for&; we have
_ 8k t 1 8k . :
S= ; Z—wkfk(bk — by)o. B  H= Er;oA ; w—ksk[bZ(az —ioy) + br(o; +ioy)], (11)

Here, we introduce ii§' ak-dependent functiog and its form  \yhen7 =0, andH; |go) = 0. This is essential in our approach.
will be determined later. Performing the transformation oneBy choosing the form o, (Eq.(10)) andy (Eq.(8)) it is possi-
gets the result ble to treatt; and H} as perturbation because of the following
reason. If we treat the coupling term in the original Hamiltonian
H as the perturbation, the dimensionless expanding parameter

1 s g’ is gZ/w?. For Ohmic baths = 1 it is 201/ which is log-
Hy= —5N40x + Y oxbyb =) Ekéfk(z — &), (®)  arithmic divergent in the infrared limit. But for the coupling

k k in transformed HamiltonianH;, the expanding parameter is

H'= H)+ Hi + H>, (4)
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