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Abstract

An ultradiscrete analogue of the Miura transformation is constructed through the bilinear form of the discrete KdV and modified KdV equations.
This transformation maps solutions of the ‘box and ball system with a carrier’ to those of the ‘box and ball system’. Explicit examples of solutions
are also discussed.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

It is well known that solutions of the modified Korteweg–de Vries (mKdV) equation with a parameter ζ ,
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are transformed to those of the Korteweg–de Vries (KdV) equation
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by the Miura transformation [1]
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− w2 − ζ 2.

This transformation was a key relation in discovering the inverse scattering method for the KdV equation [2]. Since the discovery,
the soliton theory has developed to a considerable extent. The full discrete analogue of this transformation was discussed by
Nijhoff and Capel [3]. It is to be noted that Hirota implicitly gave the discrete Miura transformation in the context of the bilinear
formalization [4].

Takahashi and one of the authors (JS) proposed a soliton cellular automaton [5], which is now often called a ‘box and ball
system’ (BBS) [6]. A remarkable feature of this cellular automaton is that any state consists only of solitary waves and all the waves
interact as solitons. A direct relationship between the KdV equation and the BBS is clarified by the procedure of ultradiscretization.
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It is shown in [7] that the discrete Lotka–Volterra equation, which is a discrete analogue of the KdV equation [8], is transformed
to the soliton cellular automaton or the BBS by a limiting procedure and variable transformations. Interaction state of solitary
waves in the BBS is understood as a limit of the N -soliton solution of the KdV equation. Takahashi and Matsukidaira presented
an ultradiscretized mKdV equation and showed that the equation is reduced to a ‘box and ball system with a carrier’ (BBSC) [9].
The relationship between solutions of the discrete mKdV equation and those of the BBSC is clarified recently in [10]. From both
theoretical and applied points of view, it is an interesting problem to construct an ultradiscrete analogue of the Miura transformation
which transforms solutions of the BBSC to those of the BBS.

In this Letter, we present an ultradiscrete analogue of the Miura transformation and discuss its property. In Section 2, we give
discrete analogues of the KdV equation, the mKdV equation and the Miura transformation in the forms suitable for investigating
the relationship to the BBS and the BBSC. Then these discrete systems are ultradiscretized in Section 3. The property of the
ultradiscrete Miura transformation is discussed in detail also in this section. Finally we give concluding remarks in Section 4.

2. Discrete system

In order to study the relationship between the BBS and the BBSC, we first consider partial difference systems. We start from the
bilinear form of the discrete mKdV equation [4,10,11],
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The N -soliton solution of (4) is written as [10]
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where ci and ξ
(0)
i are arbitrary parameters and ν = (ν1, ν2, . . . , νN), νi ∈ {0,1}. If we define a dependent variable by
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This equation is directly related to the BBSC as shown in [10]. Note that the N -soliton solution (5) satisfies this boundary condition.
If we eliminate gt

j from (4) we have the trilinear equation
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where γ is a parameter defined by γ = (μ − λ)/(1 + 2λ + μλ). By introducing a dependent variable
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