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For the first time the differential cross section for the inelastic magnetic neutron scattering by super-
conducting rings is derived taking account of the interaction of the neutron magnetic moment with the
magnetic field generated by the superconducting current. Calculations of the scattering cross section are
carried out for cold neutrons and thin film rings from type-II superconductors with the magnetic fields
not exceeding the first critical field.
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1. Introduction

Neutron scattering methods are widely used to study super-
conductors. Their magnetic excitations [1–3], dynamic and static
heterogeneities [4–6], phonon spectra [7–9] have been investi-
gated by using these methods. Also, small-angle neutron scatter-
ing techniques have been developed to determine both dynamic
and static properties of the vortex lattices in the type-II super-
conductors in external magnetic fields exceeding the first critical
field of the superconductor [10,11]. All of these neutron studies
based on the well-known neutron scattering mechanisms in solids
[12], were developed and applied for single-connected supercon-
ductors.

In this Letter we predict a new channel of inelastic magnetic
neutron scattering from multiply-connected superconductors and,
in particular, from superconducting rings in which, as is well
known, the steady currents can flow in absent of an external mag-
netic field.

First of all, this inelastic scattering process which is due to the
interaction of the neutron magnetic moment with the magnetic
field generated by the superconducting current, is explained in de-
tail. Then the differential cross section of this scattering process
is derived that is defined by the off-diagonal matrix elements of
the current density operator taken over the superconducting con-
densate wave functions in the ring. In the rest part of the work,
quantitative calculations of the scattering cross section are carried
out for cold neutrons and thin film rings from type-II supercon-
ductors with the film thickness d < λ (λ is the penetration depth)
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and the magnetic fields generated by the currents in the film, not
exceeding the first critical field of the superconductor. The temper-
ature of the ring is assumed to be small as compared with Tc of
the superconductor.

2. Hamiltonian of the system

Properties of a superconducting ring are completely determined
by the initial condensate wave function ψm , where m is the num-
ber of the superconducting flux quanta (fluxoids) trapped in the
ring. So, this wave function is defined both the quantization of the
magnetic induction flux Φm = mΦ0 and discrete values of the to-
tal current Jm = Φm/L, where Φ0 = h

2e is the fluxoid and L is the
ring self-inductance.

A neutron incident on a superconducting ring with the super-
conducting current, creates the variable vector potential into the
ring. Therefore, the interaction operator between the neutron and
the ring can be written as V̂ = 1

c

∫
dr Âĵ, where Â is the vector po-

tential operator and ĵ is the current density operator in the ring.
This interaction can also be presented in the completely identi-
cal form of the interaction of the neutron magnetic moment μn
with the magnetic field B generated by the superconducting cur-
rent, V̂ = μnB, as was shown in [13] for an arbitrary current.

Due to this interaction the kinetic energy of the neutron can
change only discretely depending on the final number m1 of the
magnetic flux quanta trapped in the ring. This inelastic scattering
process must be accompanied by a transition of the superconduct-
ing condensate from the initial state ψm to the final condensate
state ψm1 .

The Hamiltonian of the neutron-superconducting ring system
is:
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H =
∑

m

Ema+
mam +

∑
p,S

εpc+
pS cpS

+
∑

p,S,p1,S1,m,m1

V mm1
pp1

(S, S1)c+
p1 S1

cpSa+
m1

am, (1)

where a+
m (am) is the creation (destruction) operator of the m-

state of the superconducting condensate in the ring; εp , p and S
are, respectively, the initial energy, wave vector and spin of the
neutron; p1, S1 are the final wave vector and spin of the neu-
tron; V mm1

pp1
(S, S1) is the matrix element of the interaction operator

which has the form:

V̂ = 2γμN ŜB̂(rn). (2)

Here γ = −1.91; μN is the nuclear magneton; Ŝ is the neutron
spin operator; B̂(rn) is the operator of the magnetic induction at
the radius-vector of the neutron rn:

B̂(rn) = μ0

4π

∫
dr

[ ĵ(r), rn − r]
|rn − r|3 . (3)

Below we use the cylindrical coordinates (z,ρ,ϕ) with the
z-axis perpendicular to the plane of the ring, and assume that the
initial wave vector p of the neutron is directed along the z-axis.
Then the scattering cross section is independent from the polar an-
gle ϕ due to the symmetry of the ring. In the Born approximation,
the double differential cross section for this inelastic scattering is:

∂2σS S1

∂εp1z
∂εp1ρ

= 2−2π−1 Ω2
n m2

n

h̄4ε
1/2
p

∑
m1

ε
−1/2
p1z

∣∣V mm1
pp1

(S, S1)
∣∣2

× δ(εp − εp1 + Em − Em1). (4)

Here εp1 = p2
1

2mn
= εp1z

+ εp1ρ
is the final energy of the neutron,

mn is the neutron mass, Ωn is the normalizing volume of the neu-
tron wave functions.

Using functions of the plane waves, it is easy to calculate the
matrix element of (2) over the initial state of the neutron ψp and
its final state ψp1 . As a result, we obtain:

V̂ pp1 =
∫

drn ψ∗
p1

V̂ ψp = −2i
γμ0μN

Ωnq2
Ŝ
[

q,

∫
dr ĵ(r)eiqr

]
, (5)

where q = p − p1 is the momentum transfer.
The matrix element of the current density operator is written

as:

jmm1 = ψ∗
m1

ĵψm = ieh̄

mC

(
ψm∇ψ∗

m1
− ψ∗

m1
∇ψm

) − 4e2

mC
ψ∗

m1
Âψm,

(6)

where mC is the mass of the Cooper pair with its charge equal
to 2e, Â is the operator of the vector potential which can be de-
fined as:

Â(r) = μ0

4π

∫
dr1

ĵ(r1)

|r − r1| .

For the superconducting ring jmm1 = jmm1 (z,ρ)iϕ . Then the matrix
elements of the operator (5) taken over the condensate wave func-
tions of the initial ψm and final ψm1 states in the ring, are given
by:

V̂ mm1
pp1

= 2i
γμ0μN

Ωnq2

∫
dr jmm1(z,ρ)eiqrŜ[iϕ,q]. (7)

Now we consider the matrix elements of (7) over the spin vari-
ables of the neutron. For polarized neutrons we obtain:

〈α|Ŝ[iϕ,q]|α〉 = −1

2
qρ cos(ϕ − ϕq),

〈β|Ŝ[iϕ,q]|β〉 = 1

2
qρ cos(ϕ − ϕq) (8)

for the scattering without the spin flip process, and

〈β|Ŝ[iϕ,q]|α〉 = 1

2
qze+iϕ,

〈α|Ŝ[iϕ,q]|β〉 = 1

2
qze−iϕ (9)

with the spin flip. Here ϕq is the polar angle of the scattering vec-
tor q, |α〉 and |β〉 are the spin functions with Sz equal to +1/2
and −1/2, respectively.

Substituting (7) and (8)–(9) in (4), the double differential cross
section is reduced to the form:

∂2σ

∂εp1z
∂εp1ρ

= 2−4π−1γ 2 e2μ2
0

h̄2ε
1/2
p

∑
m1

j2
mm1

(q)

q4ε
1/2
p1z

F (q)δ(εp − εp1 + Em − Em1),

(10)

where F (q) = q2
ρ ,

jmm1(q) =
∫

dr jmm1(z,ρ) cos(ϕ − ϕq)eiqr (11)

for the scattering without the spin flip process, and F (q) = q2
z ,

jmm1(q) =
∫

dr jmm1(z,ρ)eiqr±iϕ (12)

with the spin flip.
Formula (10) is a general expression for the inelastic scatter-

ing cross section of neutrons by superconducting rings. To analyze
(10), the off-diagonal matrix elements of the operator of the su-
perconducting current density in the ring are required.

The diagonal matrix elements of the current density operator
(6) or, in other words, the current distributions in superconducting
rings were previously studied [14,15]. Typically, these results were
obtained by numerical methods. However, these approaches do not
allow to analyze clearly the dependence of the scattering cross sec-
tion on the parameters of the superconductor, ring, and neutron
energy. Below we consider a thin-film ring from the type-II su-
perconductor, for which analytical expressions for the off-diagonal
matrix elements of the superconducting current density can easily
be obtained.

3. Off-diagonal matrix elements

Consider a rectangular cross-section ring from the type-II su-
perconductor. The thickness of the ring obeys d < λ (where λ is
the London magnetic penetration depth), its inner radius a � λ

and outer radius b � a. In the cylindrical coordinates (z,ρ,ϕ) the
ring is in the region −d/2 � z � d/2. We assume that the magnetic
field in the ring is weak as compared with Hc1 of the supercon-
ductor.

To find the magnetic induction in the ring, we use the Lon-
don equation: �B = λ−2B. Since the ring thickness d < λ, the
z-dependence of the magnetic induction can be neglected, and be-
cause of the circular symmetry, the magnetic field does not depend
on the polar angle ϕ . As a result, we have the equation:

t2B′′
tt + tB′

t − t2B = 0, (13)

where t = ρ/λ. In general, the solution of Eq. (13) is expressed in
terms of the modified Bessel functions Io(ρ/λ) and Ko(ρ/λ). The
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