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Abstract

We show how to realize a “protected” qubit by using a fully frustrated Josephson junction ladder (JJL) with Mobius boundary conditions. Such a
system has been recently studied within a twisted conformal field theory (CFT) approach [G. Cristofano, G. Maiella, V. Marotta, Mod. Phys. Lett.
A 15 (2000) 1679; G. Cristofano, G. Maiella, V. Marotta, G. Niccoli, Nucl. Phys. B 641 (2002) 547] and shown to develop the phenomenon of
flux fractionalization [G. Cristofano, V. Marotta, A. Naddeo, G. Niccoli, Eur. Phys. J. B 49 (2006) 83]. The relevance of a “closed” geometry has
been fully exploited in relating the topological properties of the ground state of the system to the presence of half flux quanta and the emergence
of a topological order has been predicted [G. Cristofano, V. Marotta, A. Naddeo, J. Stat. Mech.: Theory Exp. (2005) P03006]. In this Letter the
stability and transformation properties of the ground states under adiabatic magnetic flux change are analyzed and the deep consequences on the
realization of a solid state qubit, protected from decoherence, are presented.
© 2007 Elsevier B.V. All rights reserved.
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Arrays of weakly coupled Josephson junctions provide an
experimental realization of the two-dimensional (2D) XY
model. A Josephson junction ladder (JJL) is the simplest quasi-
one-dimensional version of an array in a magnetic field [1];
recently such a system has been the subject of many investiga-
tions because of its possibility to display different transitions as
a function of the magnetic field, temperature, disorder, quantum
fluctuations and dissipation. In a recent paper [2] we analyzed
the phenomenon of fractionalization of the flux quantum hc

2e
in

a fully frustrated JJL in order to investigate how the phenom-
enon of Cooper pair condensation could cope with properties
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of charge (flux) fractionalization, typical of a low-dimensional
system with a discrete Z2 symmetry. The role of such a sym-
metry was recognized to be crucial for demanding more general
boundary conditions, of the Mobius type, at the end sites of the
ladder [2]. The same feature was evidenced also in quantum
Hall systems in the presence of impurities or defects [3–5].
Furthermore a Z2 symmetry is present in the fully frustrated
XY (FFXY) model or equivalently, see Refs. [6,7], in two-
dimensional Josephson junction arrays (JJA) with half flux
quantum 1

2
hc
2e

threading each square cell and accounts for the
degeneracy of the ground state. We noticed how it was possible
to generate non-trivial topologies, i.e. the torus, in the context
of a CFT approach, which allowed us to construct a ground
state wave function, whose center of charge could describe a
coherent superposition of localized states sharing all the non-
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trivial global properties of the order parameter. In particular
for the FFXY model they were shown to be closely related to
the presence of half flux quanta, also viewed as topological de-
fects [2]. The emergence of topological order in fully frustrated
JJLs with non-trivial geometry has been predicted and fully
exploited in Ref. [8] by means of CFT techniques. Such a con-
cept was first introduced in order to describe the ground state
of a quantum Hall fluid [9] but today it is of much more gen-
eral interest [10]. Two features of topological order are very
striking: fractionally charged quasiparticles and a ground state
degeneracy depending on the topology of the underlying man-
ifold, which is lifted by quasiparticles tunneling processes. In
general a system is in a topological phase if its low-energy,
long-distance effective field theory is a topological quantum
field theory that is, if all of its physical correlation functions
are topologically invariant up to corrections of the form e− �

T at
temperature T for some non-zero energy gap �. More recently
superconductors have been proposed in which superconduc-
tivity arises from a topological mechanism rather than from a
Ginzburg–Landau paradigm: the key feature is a mapping on an
effective Chern–Simons gauge theory, which turns out to be ex-
act in the case of JJA and frustrated JJA [11]. As we will stress
in the following, topological order is crucial for the implemen-
tation of fully frustrated JJLs as “protected” qubits [12,13] in
solid state quantum computation realm. The idea in all such
realizations is that the systems involved (large and small size
Josephson junction arrays of special geometry [12,14]) share
the property that, in the classical limit for the local supercon-
ducting variables, the ground state is highly degenerate. The
residual quantum processes within such a low energy subspace
lift the classical degeneracy in favor of macroscopic coherent
superpositions of classical ground states [14]. An example of
such a system has been proposed, which consists of chains of
rhombi frustrated by an half flux quantum [14] with the prop-
erty that in the classical limit each rhombus has two degenerate
states. The protected degeneracy in all such systems emerges
as a natural property of the lattice Chern–Simons gauge theo-
ries which describe them [14]. In general, if a physical system
has topological degrees of freedom that are insensitive to lo-
cal perturbations (that is noise), then information contained
in those degrees of freedom would be automatically protected
against errors caused by local interactions with the environ-
ment [13].

The aim of this Letter is to show how to realize a “protected”
qubit in terms of a fully frustrated Josephson Junction ladder
(JJL) with Mobius boundary conditions by fully exploiting the
implications of “closed” geometries on the ground state global
properties of the system, already studied in Ref. [2]. Such a
qubit would be the elementary building block of a “protect-
ed” quantum computer. The task appears to be not very sim-
ple; in general we need a quantum system with 2K quantum
states (K being the number of big openings in the Joseph-
son system under study) which are degenerate in the absence
of external perturbations and are robust against local random
fluctuations, that is against noise. This means that any cou-
pling to the environment does not induce transitions between
the 2K quantum states or change their relative phases. Summa-

rizing, we need a system, whose Hilbert space contains a 2K -
dimensional subspace characterized by the crucial property that
any local operator Ô has only state-independent diagonal ma-
trix elements up to vanishingly small corrections: 〈n|Ô|m〉 =
O0δmn + o[exp(−L)], L being the system size. A possible an-
swer to such a highly non-trivial requirement could be a system
with a protected subspace built up by a topological degener-
acy of the ground state [13]. An alternative approach would
be to exhibit a low-energy effective field theory for the sys-
tem under study which is a topological one and whose vacua
are topologically degenerate and, then, robust against noise.
This is the approach which we follow in the present Letter;
in particular we show how to get a protected subspace with
2K quantum states, K = 1, by considering a Josephson junc-
tion ladder and closing it by imposing Mobius boundary con-
ditions, in order to get a non-trivial topology. We will show
that such a system is described by a low-energy effective field
theory which is a twisted conformal field theory [3,4,15,16].
Such a theory accounts very well for the topological proper-
ties of the system under study [2,8]. In particular we analyze
the stability and transformation properties of the ground state
wave functions under adiabatic magnetic flux change; in this
way we are able to identify the two states of a possible pro-
tected qubit and also to describe its manipulation: “flip state”
processes.

We recall that Josephson junction arrays (JJA) are a very use-
ful tool for investigating quantum-mechanical behaviour in a
wide range of parameters space, from EC � EJ (where EC =
(2e)2

C
is the charging energy and EJ = h̄

2e
Ic is the Josephson

coupling energy; C is the capacitance of each island and Ic is
the critical current of each junction) to EJ � EC . In fact there
exists a couple of conjugate quantum variables, the charge and
phase of each superconducting island, and two dual descriptions
of the array can be given [17]: (a) through the charges (Cooper
pairs) hopping between the islands, (b) through the vortices
hopping between the plaquettes. Furthermore in the presence of
an external magnetic field charges gain additional Aharonov–
Bohm phases and, conversely, vortices moving around islands
gain phases proportional to the average charges on the is-
lands [18]. Such basic quantum interference effects found ap-
plications in recent proposals for solid state qubits for quantum
computing, based on charge [19] or phase [20] degrees of free-
dom in JJAs. “Charge” devices operate in the regime EC � EJ

while “phase” or “flux” devices are characterized by strongly
coupled junctions with EJ � EC .

Let us now focus on the simplest physical array one can de-
vise in order to meet all the above requests, that is a Josephson
junction ladder with N plaquettes closed in a ring geometry

with a half flux quantum ( 1
2Φ0 = 1

2
hc
2e

) threading each plaquette

[1], and describe briefly its general properties before introduc-
ing an interaction of the charges (Cooper pairs) with a mag-
netic impurity (defect), as drawn in Fig. 1. With each site i

we associate a phase ϕi and a charge qi = 2eni , representing
a superconducting grain coupled to its neighbors by Josephson
couplings; ni and ϕi are conjugate variables satisfying the usual
phase-number commutation relation. The Hamiltonian describ-
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