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Abstract

The dynamic propagation of acoustic waves in a half-space filled with a viscous, bubbly liquid is studied under van Wijngaarden'’s linear theory.
The exact solution to this problem, which corresponds to the compressible Stokes’ 1st problem for the van Wijngaarden—Eringen equation, i
obtained and analyzed using integral transform methods. Specifically, the following results are obtained: (i) van Wijngaarden’s theory is found tc
be ill-suited to describe air bubbles in water; (ii) At start-up, the behavior of the bubbly liquid is similar to that of a class of non-Newtonian fluids
under shear; (i) Bounds on the pressure field are established; (iv) For large time, the solution exhibits Taylor shock-like (i.e., nonliniear) behav
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1. Introduction o1 andy; (= 0), respectively, denote the density and dynamic
viscosity of the surrounding liquid; the constant (> 0) is the

Based in part on the earlier work of Lord Rayleifffj and  equilibrium pressure in the liquid/gas mixture; and the constant

Foldy [2], van Wijngaarder{3] showed in 1972 that, in the By, wherefBp € (0, 1) is the bubble volume fraction, is neither

case of one spatial dimension, the propagation of linear acoustiery close to zero nor to unity.

waves in isothermal bubbly liquids, wherein the bubbles are of 1n 1985, Caflish et a[4] extended van Wijngaarden'’s theory

uniform radius, is described by the PDE to include heat conduction and surface tension effects. Subse-
2 2 3 4 quently, Eringef5] rederived the multi-dimensional version of

20U 0“u d0°u o 0%u . . .

Conm— 7 TVer o +1072.5=0 (1.1) Eg. (1.1) based on a microcontinuum theory, and considered

ax< ot dx<ot dx<ot the case of plane waves in an unbounded, three-dimensional

wherev = (u(x, 1), 0, 0) is the velocity vector and domain. In 1994, Saccomanffi] investigated acoustic accel-
5 PO 4y, eration waves under the nonlinear version of Erings{'the-
Ce = oPo(l— o)’ Ve = 360(1— fo)’ ory. More recently, Jordan and Feuillaf¥@ obtained the exact

solution to Eq(1.1), which they termed the van Wijngaarden—

0 (1.2)  Eringen (VWE) equation, in the context of the compressible
3Bo(1 - po) version of Stokes’ 2nd problem. For a comprehensive listing
Here,Ro (> 0) is the (constant) equilibrium bubble radius;  (up to 1992) of works on acoustic propagation in bubbly lig-
andv,, respectively, denote the effective values of the (isotheruids, we note the review paper by Miksis and T{&y. Other

mal) sound speed and kinematic viscosity= u;/o; denotes recent, in-depth, works in this area include that of Llewellin et
the kinematic viscosity of the liquid phase, where the constantal.[9], in which a constitutive model describing the viscoelastic
(i.e., non-Newtonian) rheology of bubbly liquids/suspensions is
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It is of interest to note that Hayes and Saccomdi@i t’ =t(c§/ve), we recast our IBVP in dimensionless form as

showed that Eq(1.1) also governs the propagation of damped, ) 3 4
: : : : 3 d 3

transverse plane waves in a particular class of viscoelasti€ ? _ 9P 9°p 2 %P _0 (x.1>0) (2.3)
solids. Additionally, it should be noted that the special case ofdx?> 92~ 9x2dt dx2912 ’ ’
Eg. (1.1) for which 1; = 0 andBp <« 1 was presented by van p(0,7)= H(t), p(co,1)=0 (¢ > 0),
Wijngaarder{13] in 1968 as the PDE governing acoustic waves
in inviscid bubbly liquids. Whithanf14] noted that the invis- 7@ =P, 0/91=0(x>0), (2.4)
cid version of the VWE arises in the study of plasma waveswhere all primes have been omitted for convenience and the
longitudinal waves in elastic bars (see &)$6,16)), and in the  dimensionless bubble radius is given by
linear theory of water waves under the Boussinesq approxima-

2552 2
tion for long waves. For applications of tlfeg — 0 limiting R2 = ceRo _ <R0v 317001) . (2.5)
case, known as Stokes’ equation, $&£€] and the references 3v2B0(1 — Bo) A
therein.

To the best of our knowledge, only time-harmonic solutions2-2. Exact solution using integral transform methods
of Eqg. (1.1) have thus far been obtained. Hence, our aim here
is to examine van Wijngaarden’s theory in the context of a We will now solve the above IBVP using a dual integral
dynamic, yet still analytically tractable, flow setting. Specifi- transform approach (see, e.g., Duft@]). Hence, applying first
cally, we solve and analyze the compressible version of Stokeghe spatial sine transform, which reduces &33)to an ODE,
1st problem[18] involving the (viscous) VWE. We also de- and then using the temporal Laplace transform to solve this
rive a number of asymptotic results, including recovery of theODE, we obtain the dual transform domain solution
(known) inviscid solution. To.this end, the presgnt Letter is_A £/2IT 1
arranged as follows. In Sectio®, the exact solution to the p= 1+§2R2[
above-mentioned initial-boundary value problem (IBVP) is ob-
tained using integral transform methods. In Sec8panalytical Rs 1 ] (2.6)
results are presented including large- and smablpressions. (s —s)(—52)  (s—s)—s2) ] |
In Section4 numerical results are presented and in Sechion
conclusions are stated. Lastly, in Secti@nthe major results
are discussed.

s(s —s51)(s — 52)

whereé ands are the sine and Laplace transform parameters,
respectively,

| —E2+EE2(1-4R?) -4

S , 2.7
2. Mathematical formulation and solution L2 2(1+&2R?) @1

and a hat (respectively, bar) superposed over a quantity denotes
2.1. Problem formulation the image of that quantity in the sine (respectively, Laplace)

transform domain.

We begin this study by taking the positiveaxis of a Carte- Obtaining first the Laplace inverse of E@.6) using a ta-
sian coordinate system in the upward direction and assuming/® Of inverses (see, €.d19,20), multiplying the result by
that an isothermal, homogeneous, viscous bubbly liquid fills the/2/7 Sin&x], and then integrating with respectgdrom zero
half-space: > 0. Initially, the mixture is in its equilibrium state. (© infinity, we find the exactz-domain solution to be
At time ¢t = 0T, the pressure at the boundary= 0 suddenly
assumes, and is maintained at, the constant valg (£ 0); .

i.e., the boundary condition (BC) for the pressurecat O is 2 y a sinéx] d&
=H®){1-— /e“” <cos{bt] + — sin[br]) _—

p(x, 1)

pmaxH (t), where H(-) denotes the Heaviside unit step func- £
tion. We seek to determine the motion of the bubbly liquid at

all points in the half-space for all> 0. o0 .

To this end, we are lead to consider the following IBVP in- n / gt <cosr[bt] L4 Sihl’[bt]) sin(é x]dé
volving the VWE equation expressed in terms of the acoustic A b §
pressurep = g — po: d

E*
—al o H

,3%p  9%p 33p , ¥p - [/ 2 Zm[bt] 31'1[?2],35
Cox2 o2 Va2 T0gazge =0 (n1>0. (2D 0
p(0,1) = pmaxH (), p(oo,1)=0 (t>0), N ]Oge—m sinh{bt] sinf&x] d&
p(x,0)=0p(x,0/0t =0 (x> 0). (2.2) A b 1+&2R?

Here,p is the thermodynamic pressure, we now require- 0, & sinéx]d
and we note thav x v is identically zero. Employing the — RZ[/ge—m <cos{bz] — Esin[br])%
nondimensional variablep’ = p/pmax, x' = x(c./v.), and 0 b 1+8R
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