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Abstract

Each right-invariant metric on the Virasoro group induces a Hamiltonian vector field on the dual of the Lie algednaipped with the
canonical Lie—Poisson structure. We show that the Hamiltonian vector figldisduced by the metrics given at the identity by tHé Sobolev
inner productsk > 0, are bi-Hamiltonian relative to a modified Lie—Poisson structure only fe0 andk = 1.
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1. Introduction

The well-known Korteweg—de Vrigd 7] and Camassa—Holii2,9] shallow water equations can be viewed as Euler equations
on the dual of the Lie algebra of the Virasoro group. Indeed, the periodic Korteweg—de Vries equation represents geodesics
the Virasoro group for the right-invariant metric given at the identity by tReénner produc19], whereas the Camassa—Holm
equation describes the geodesic flow of the right-invariant metric given at the identity By tin@er product (sef5,6,18)). While
all solutions of the Korteweg—de Vries equation are gldibd], there are solutions of the Camassa—Holm equation with finite and
also solutions with infinite maximal existence tiff83. Since both these equations have a rich structure (they are both integrable
[8,16,17), itis natural to ask whether the equations induced on the Virasoro group by the right-in¢&fiSabolev inner products
for k > 2 possess similar properties.

One aspect of the Korteweg—de Vries and Camassa—Holm equations that could be expected to carry éentetailts is the
existence of a bi-Hamiltonian structure. The Euler equation on thegiuaf a Lie algebra is always Hamiltonian with respect to
the canonical Lie—Poisson structyitg. In some cases there is another Poisson structugé sach that the equation is Hamiltonian
with respect to this second structure as well. The Korteweg—de Vries and Camassa—Holm equations are bi-Hamiltonian with res
to so-called modified Lie—Poisson structures, leading to integrability and the existence of an infinite number of conservation la
for these equations.

In this Letter we show that on the Virasoro group the Euler equations corresponding i ther products are not bi-
Hamiltonian fork > 2, at least not with respect to a modified Lie—Poisson structure. A similar result was proved for the diffeomor
phism group of the circléd(S) in [7], where it was found that among aii* inner productsk > 0, only in the case& = 0 and
k =1 is the geodesic equation bi-Hamiltonian with respect to a modified Lie—Poisson structure.
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Since the Virasoro group is a one-dimensional central extensid ), one might think that the casesD{S) and the Virasoro
group can be reduced to one another. However, this intuitive idea has to be analyzed with caution. For example, the geodes
exponential map o (S) corresponding to the right-invariaft* Sobolev metric is & *-diffeomorphism from a neighborhood of
the origin of the Lie algebra Ve) to a neighborhood of the unital elementZikS) for all kK > 1, but not fork = 0 [6]. On the
Virasoro group, however, the geodesic exponential map is a @ediffeomorphism fork > 2, but not fork = 0, 1 [4].

In Section2 we recall some basic facts concerning the Virasoro group and its Lie algebra. Sctiatains a description of
Poisson structures on the dual of the Lie algebra of the Virasoro group. Finally, the main result is stated and proved i Section

2. Preliminaries

LetS be the unit circle. The group(S) of positively oriented”°°-diffeomorphisms of the circle is a Fréchet manifold modeled
on the spac€>°(S) (see[4] for a more detailed description of this and other definitions made in this section).
The Virasoro group Vir is the central extensitiS) x R of D(S) with group multiplication given by the formula

1
(¢, )0 (Y, B) = (¢ oy, a+f— > / log((¢ o I/f)x(x))dlogtlfx(x))
S

where(¢, «), (¥, B) € Vir, see[12].
Vir is a Fréchet Lie group whose Lie algehra can be identified with the spac&°(S) x R with Lie bracket

[(u,a),(v,b)]: (uxv—uvx,/uvxxxdx),

S
where(u, a), (u, b) € vit >~ C*®(S) x R.
We will let vit* denote theegular dualof vit consisting of all linear functionals air of the form

(u,a)t—)/mudx—l—aa, (u,a) € vir,
S

for some elementm, a) € C*°(S) x R. The regular duabit™ is identified with the Fréchet spac®°(S) x R by the formula

<(u7 a)a (m7 a)) = /mu dx +aa,
S
where(-, -) denotes the natural pairing betwegin andvit*. Fork > 0 let us define théf* Sobolev inner product ovit by

k
((u,a),(v,b))kZ/Ak(u)vdx+ab=/Z(a;u)(a;u)dx+ab,
S s =0

where
2 2k
d
(=D
2 4+ + (=D PP

Let f:vit* — R be a smooth function. Its Fréchet derivative at a paing vit*, df (M), is a linear functional omit*. We call
f aregular functionif there exists a smooth malyf : vit* — vit such that
df (M)N =(8f(M),N), M,N € vir*.
Note that the second Fréchet derivative of a functioa C*° (vit*) is symmetrid13], i.e.,
d’f(M)(N, P)=d’f(M)(P,N), M,N, P € vir*.
This means thad§f (M) : vit* — vir is a symmetric operator
(dSf(M)N, P)=(dsf(M)P,N), M,N,P e vir*.
The variational derivativéf can be represented by a map

§f 9
—f, G Joit* — bir > C°(S) x R
dm  oa

so that

Ar=1

df (M)N = <(E(M), %(M)>, N>, M, N € vit*.
sm Jo
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