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Abstract

Under an external alternating current (ac) field, the effective ac dielectric response of graded composites consisting of the graded cylindr
inclusion having complex permittivity profiles has been investigated theoretically. A model that the dielectric function is assumed to be a const:
while the conductivity has a power-law dependence on the radial vanallamelys; (r) = A + cr¥/iw, is studied and the local analytical
potentials of the inclusion and the host regions are derived in terms of hyper-geometric function. In the dilute limit, the effective ac dielectr
response is predicted. Meanwhile, we have given the exact proof of the differential effective dipole approximation (DEDA) method, which |
suitable to arbitrary graded profiles. Furthermore, we have given the analytical potentials and the effective ac dielectric responses ofembated gr:
cylindrical composites for two cases, case (a) graded core and case (b) graded coated layer, having the graded dielectric profiles, respectivel
0 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Graded composites have attracted much attention because their effective properties have advantages over traditional hor
neous composite materigts-3]. The properties of graded composites are of wide applications to the engineering of functionally
graded materials, such as the electricity, thermodynamics, mechanics an{Bs&Join laboratory, graded composites can be de-
signed by varying their compositions and values of their physical properties along the radial direction of the cylindrical or spheric
inclusions for the specific needs of engineering. For the purpose, it is necessary to predict the effective properties of the gra
composite so that one could improve the design of engineering. In fact, the effective response of graded composites is not c
related to the intrinsic constituent relations, microstructures, shapes and volume fraction of inclusions but also the properties of
materials and the external field.

For an external dc electric field, many of authors were devoted to investigate the effective response of graded composites.
example, Gu and Y{i7,8] derived the effective response of graded cylindrical composites having the power-law, linear and expc
nential electrical conductive profiles of graded cylindrical inclusions. Wei § dl0] considered the graded cylindrical composites
having the combinations of the general power-law and the exponential dielectric profiles. Dor{@ tl&]and Huang et a[13]
discussed the effective response of graded composites having the linear and nonlinear constituent relations using the differe
effective dipole approximation (DEDA). However, most of above works are only suitable to predict the real response of grade
composites. In Nature, there are many of realistic materials having the complex dielectric permittivity. Therefore, under an exter
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ac electric field, it is of practical significance to study the effective response of the graded composites having complex dielectric
graded profiles. The local potentials induced by an external ac field give rise to some important physical properties of gradec
compositeg14], such as the optical properties. However, the lack of analytic solutions of the local electric field has hindered the
accurate analysis of physical properties of graded composites having complex graded profiles. Hence, in this Letter, we shall deri
the analytical potentials of a theoretical model of the graded cylindrical composites under an external ac field.

We consider a graded cylindrical composite having a complex power-law dielectric rofile= A + cr*/iw, wherer is the
radial variable of cylindrical inclusion, and, ¢ andk are constants and is the angular frequencies of external ac electric field.
The exact solutions of the local potentials and the effective ac response are derived. Meanwhile, the effective ac responses of coat
graded cylindrical composites are investigated for two cases, (a) the graded core and (b) graded coated\fmerdir A we
have given the exact proof of DEDA method.

2. Local potential in a graded cylindrical inclusion

For linear composites, the Maxwell equations read

V-f):,o, 1)
VxE=0. (2

In Eq. (1), the free charge density is related to the electrical conduction current densﬁty: o E, whereo is the electrical
conductivity. By invoking the equation of continuity - J + 9p/dt =0 or V - J = —iwp due to the sinusoidal variation of the
physical quantities, where = 2z f is the angular frequency of applied electrical field, we arrive at, from(Eq.V - (% E) =

p=V. s(r)f?. From Eq.(2), E can be expressed as the gradient of a scalar pot@h,tiﬁl: —V @, yielding a partial differential
equation

V-[Erve]=0, 3)

whereé(r) = e(r) + o (r)/iw is a complex permittivity of the graded inclusion. Therefore, from @g}.the constitutive relation
between the electric field and the electric displacement of graded composites having complex dielectric response can be rewritte
as the formD = s(r)E and the governing equations are D =0andV x E = 0. For convenience and without loss of generality,

we omit the tilde on complex permittivity in the following sections. We have

V- [ea(VO]=0, in 2, (4)

where, the suffixee = i, i denote the quantities in the inclusion and host regions, respectivglye = i, 1) denote the domain
of the a-type materials; (r) = A + cr¥/iw is the dielectric graded profile of cylindrical inclusion agdis the complex constant
of host material.

In cylindrical coordinates, the governing Hg) of the potentiakp, (r, ¢) becomes

1a[sa(> a@} 1i[a<>la®] 0. in 2. 5)
ra r dg

In host region, if the external ac electrical figlt} is applied to the composites along thalirection, the potential takes the form
@), (r,¢) = —(r + Br Y E, cosp.

In inclusion region, the local potential can be expressed in terms of a set of basis fuictions}, @; (r, ¢) = > oo o R, (r) x
cogny). Eq.(5) thus is rewritten as

53°R, JOR: r2 de;(r) OR,
9r2 ar g(r) dr Or

— Vlan =0. (6)

In order to solve Eq(6), we introduce a transformation to E@), namely,R,, (r) = r*g(z) andz = icr¥ / Aw. We then have

d? d
)2 g(Z) ] g(Z) [

(kz +kz[2s +k —kz/(1—2) —n? —skz/(1—-2)]g(z) =0. 7)

Lets = +£n, the Eq.(7) will be the equation of hyper—geometric function

d?g(2) g(z) s
dz2 - gg(z) =0. (8)

The solution hence can be given by the hyper-geometric funchae,, B, vs; z), which is analytic in the whole complex plane
except the singular poinfd5]. The parameteray, 8, andy, of hyper-geometric functiorF («;, By, vs; z) can be given by the
following formulas,o; + 8 + 1= 2(s + k)/k, agBs = s/k, ys = (2s + k)/k. From these formulas, we have = [2s + k +

71—272)———

+[@s+k)/k —2(s + k)z/ k]
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