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Introduction

Abstract Purpose: To determine from the number of trials, n, and the number of observed
successes, k the most probable value, the variance and the confidence limits of the probability
of success, p, in animal experiments and clinical studies subject to binomial statistics.
Method: In such experiments the probability of success is an unknown parameter. The Bayes-
ian approach to the problem is advocated, based on constructed distribution of the probability
of success.

Results: A simple Matlab code for the calculation of the confidence limits according to the
proposed method is provided. The most probable, the mean, the variance and the confidence
limits are calculated applying the usual definitions of these characteristics.

Conclusion: The proposed method works for any number of trials — large and small and all
possible values of the number of successes, including k = 0 and k = n, providing exact formu-
lae for the calculation of the confidence limits in all cases.
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Medica. All rights reserved.

determination of its most probable value together with its
mean, variance and confidence limits which is of primary
interest in these studies. The importance of reporting con-

Clinical studies and animal experiments where all outcomes
of a treatment can be classified just as positive (success)
or negative (failure) outcomes are subject to binomial
statistics. In such studies, the unknown parameter is the
probability of the positive/negative outcome, p. It is the
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fidence intervals for this type of studies was emphasized by
Shakespeare and Holecek [1] The idea of confidence limits
and of fiducial intervals has been introduced in the early
thirties of last century by several prominent statisticians
[2—6]. The first work concerning the *‘confidence or fiducial
limits’’ in the binomial case was published by Clopper and
Pearson [3]. An approach based on the idea of the fiducial
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limits is discussed in Ref. [7]. It is worth mentioning that
the fiducial approach was criticized by Neyman [5,6]. In-
deed, this approach to the problem as described in Collet
[8] experiences several difficulties. For instance, if k is
the number of positive/negative events and n is the number
of trials, the standard formula [8,9] for the variance (uncer-
tainty) of p is e2=(p(1 — p))/n, where p=k/n is the esti-
mated (most probable) value of p. It is obvious, that
these formulae should not be used in marginal cases,
namely when np and n(1 — p) are smaller than around 5,
i.e. when the number of trials is rather small and/or the
number of successes or the number of failures is around
zero.

Due to the fact that the random variable p is defined in
a closed interval, it is more likely that its probability distri-
bution function is asymmetric. This makes the report of
confidence intervals, rather than the variance, a more
adequate issue in this case. According to the traditional
definition of the lower and upper limits of the 100
(1 — )% confidence interval for p given in the orthodox sta-
tistical books (see Refs. [8,9] for example) the following
equations must be solved:
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for the lower limit p, and for the upper limit py, respec-
tively. These equations follow from the requirement that
>_x(j) PUIP)=1— «, where the summation is over the set,
X(j ), of acceptable values of j for a given p. Neyman [5]
has proved that the form 3, ; P(j|p) cannot be set to be
equal to a constant value (say, 1 — o) independent of the
value of p, if Pis the binomial distribution with parameters
j and p. For instance, in case of k = 0 the left-hand side of
the equation for p; is equal to 1, independent of the value
of p;; therefore, it cannot be satisfied for any value of p;.
The same reasoning applies to the equation for py in case
of k = n when its left-hand side is equal to 1, independent
of the value of py and it cannot be therefore satisfied for
any value of py. It can also be shown that the values of p;
and py calculated according to Eq. (1) do not converge to
the values of p, and py calculated according to the normal
approximation of the binomial distribution.

Therefore, we advocate here a different, Bayesian
approach to the problem (Bayes [10], Laplace [11]). This
approach has been reintroduced (Jaynes [12], Jeffreys
[12—14]) and applied to the treatment of astrophysical
and physical data [15,16]. In the described experiments
the known parameter is the observed number of suc-
cesses/failures and the unknown stochastic variable is the
probability of success, p.

Method and results

If the probability distribution for p was known, on its basis
the upper and lower limits of a given confidence interval
could be defined and determined in the usual way in which
confidence limits of a random variable with a known

distribution are found. The problem thus could be more
precisely formulated as a problem of constructing the prob-
ability distribution of p as a function of the observed num-
ber of successes k and the number of trials, n.

What Laplace did more than 200-years-ago (Laplace
[11], see also Jaynes’ Probability theory: the logic of sci-
ence [14]) was to propose the following probability density
distribution of p:
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which differs from the binomial distribution by only a con-
stant. The denominator is the normalization factor. It hap-
pens to be the Euler integral of the first kind, known also as
the complete @ function — [J p*(1—p)"*dp=(n+1)!/
(k!(n — k)!). Ck are the binomial coefficients. Eq. (2) takes
into account that p is a continuous variable, which can
take any value between 0 and 1.

By differentiating the distribution function (Eq. (2)) with
respect to p one finds the most probable value of p, p, that
will give the observed number of successes k in n trials:

p=k G)

Based on Eq. (2) the mean value of p, p= f01 pfka(p)dp
and its variance af,: f01 (p— E)ka,,,(p)dp can be calculated
(Laplace [11]) giving:
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The lower limit p, of the 100(1 — «)% confidence interval
can be determined through solving the following integral
equation for p;:
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The upper limit py of the 100(1 — a)% confidence interval
is determined through solving a similar equation for py:

(5)
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The constants A; and A, should satisfy the following re-
lation, A,—A; =1 — «, so that combining Egs. (5) and (6)
one gets

Pu

dPocpprap=1—a (7)
pL
The meaning of this equation is that the cumulative proba-
bility that the true value of p lies between p, and py,
P(p. <p <pu), is 1 —a.

There exist different ways of constructing a second
equation for A; and A,. The following two are the most
commonly used approaches.

(A) For symmetry reasons one may choose: Ai=«/2 and
Ay=1—a/2.

(B) Alternatively, one may impose the requirement that
fk,n(p)|p:pL:fk,n(p)|p:pu'
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