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1. Introduction

The quaternions are a number system which extends to
the complex numbers. They are members of non commu-
tative algebra, first invented by William Rowan Hamilton in
1843. A quaternion q is defined in the form

q = qo + q1i1 + q2iz + q3is,

where qq, q1, g2, g3 are real numbers and iy, iy, i3 are stan-
dard orthonormal basis in R3 which satisfy the quaternion
multiplication rules as:

D22
i1 =iy=i3=-1,
iy = i3 = —hly, biz =i =—i3l, i =i =3
There has been an increasing interest on quaternions
were encountered in various areas such as computer sci-

ences, physics, differential geometry, quantum physics, sig-
nal, color image processing, geostatics and analysis. For a sur-

* Corresponding author. Tel.: +90 3122126720.
E-mail addresses: etan@ankara.edu.tr (E. Tan), syilmaz@kku.edu.tr (S.
Yilmaz), msahin@ankara.edu.tr (M. Sahin).

http://dx.doi.org/10.1016/j.chaos.2015.10.021
0960-0779/© 2015 Elsevier Ltd. All rights reserved.

vey on quaternions we refer to [1,6,10]. In addition to this, the
Fibonacci sequence is perhaps one of the most well-known
sequence and it has many interesting properties and impor-
tant applications to diverse disciplines such as mathemat-
ics and computer science. Several researchers that work on
these two topics are interested in obtaining generating func-
tions, Binet’s formulas, several identities for defined different
types of sequences of quaternions.
Horadam [11] defined the Fibonacci quaternions as

Qn = By + Fop1ih + Fopaly + Foy3is,

where F, is the nth Fibonacci number defined by the recur-
rence relation

Fr=F_1+Fko n>2

with the initial conditions fy = 0 and F; = 1. Some results on
Fibonacci quaternions can be found in [8,9,12,14-18,22].

There are a lot of generalizations of the Fibonacci num-
bers. In particular, there exist a generalization called the k-
Fibonacci numbers. For any positive real number k, the k-
Fibonacci sequence {F ,}, is defined by

Fk,n = ka,nq +H<;n72 ;o nx>=2


http://dx.doi.org/10.1016/j.chaos.2015.10.021
http://www.ScienceDirect.com
http://www.elsevier.com/locate/chaos
http://crossmark.crossref.org/dialog/?doi=10.1016/j.chaos.2015.10.021&domain=pdf
mailto:etan@ankara.edu.tr
mailto:syilmaz@kku.edu.tr
mailto:msahin@ankara.edu.tr
http://dx.doi.org/10.1016/j.chaos.2015.10.021

2 E. Tan et al. / Chaos, Solitons and Fractals 82 (2016) 1-4

with the initial conditions F, o =0 and F, ; = 1. For further
information about this sequence we refer to [7,13]. By con-
sidering this sequence, Ramirez [20] defined the k-Fibonacci
quaternion numbers and obtained some combinatorial prop-
erties of the k -Fibonacci quaternions. Recently, Catarino [3]
introduced the h(x)- Fibonacci quaternion polynomials that
generalize the k -Fibonacci quaternion numbers. By using the
Binet formula, Catarino [3] obtained the Cassini’s and the
Catalan’s identities. But it was overlooked that the quater-
nion multiplication is not commutative. Therefore the results
in [3, Theorems 3.8-3.10] are not true. Due to the same rea-
son the results in [4, Theorems 7and 8] are incorrect. This is
one of the main objectives that we want to point out here.

Now, we consider a new generalization of the Fibonacci
numbers, named as, bi-periodic Fibonacci numbers. They are
emerged as a generalization of the best known sequences in
the literature, such as Fibonacci sequence, Pell sequence, k-
Fibonacci sequence, etc. Edson and Yayenie [5] introduced
the bi-periodic Fibonacci numbers as:

if nis even
if nis odd

qn = aqn-1 + qn-2,
" an—l + qn-2.

with initial values qg =0 and ¢q; = 1, where a and b are
nonzero numbers. If we take a=b =1 in {qn}, we get the
classical Fibonacci sequence, if we take a = b = 2 in {q,}, we
get the Pell sequence and if we take a = b = k in {q,}, we get
the k-Fibonacci sequence.

In this paper, we define the bi-periodic Fibonacci quater-
nions that generalize the k- Fibonacci quaternion numbers
given in [3] and [20]. The outline of this paper is as follows:
In the rest of this section, we introduce some necessary def-
initions and mathematical preliminaries, which is required;
in Section 2, we introduce the bi-periodic Fibonacci quater-
nions and give the generating function and the Binet formula
for these quaternions. By using Binet’s formula we give the
Cassini’s identity and the Catalan’s identity for even indices
of these quaternion sequences. Moreover, we correct the re-
sults in [3, Theorem 3.9] and [4, Theorem 7].

We start by recalling some basic results concerning
quaternion algebra H and the bi-periodic Fibonacci numbers.

It is well known that the algebra H = {a = ageq + a;eq +
aye, +azez 1 aq; e R, i=0,1,2,3} = C? of real quaternions is
defined as the four-dimensional vector space over R having
a basis eg=1, e =iy, e,=i, and e3=i3, which satisfies the fol-
lowing multiplication rules:

, n>=2 (1.1)

e,z = -1, 16{1,2,3}; €16y = —exeq =e3,
€63 = —e3ey; = €1, €361 =-—e1e3=~¢e;. (].2)

The bi-periodic Fibonacci sequence {q,} satisfy the following
recurrence:

qn = (ab+2)qn 2 —qn-a, n=4 (1.3)
The generating function of the sequence {q} is

X+ ax? — x3
1— (ab+2)x2 +x*

F(x) = (14)

and the Binet formula of the sequence {q,} is given by

B aS(n-H) al — Ign
n = 7(ab)L%J (O{ ~B ) (1.5)

where o = BHV/@bab g g ab-Vab+4ab ¢yt i, ¢ and
B are the roots of the polynomial x> — abx — ab and & (n) =
n—2|34]. ie,&(n) =0whennisevenand&(n) =1whenn
is odd. It can be shown that

Gn=(-1)""qn. (16)

For further information about these sequences see
[5,19,21,23].

2. The bi-periodic Fibonacci quaternions

Definition 1. The bi-periodic Fibonacci quaternions {Q,} are
defined by

3
Q=) dnsier. 21

1=0
where @, is the nth bi-periodic Fibonacci number.

Note that, if we take a = b = 1 in {q, }, we get the classical
Fibonacci quaternion numbers (see [9]), if we takea = b = 2,
we get the Pell quaternion numbers (see [4]) and if we take
a=>b =k, we get the k-Fibonacci quaternion numbers (see
[3,20]).

Theorem 1. The generating function for the bi-periodic Fi-
bonacci quaternion Qy is

Qo + (Q1 — bQo)t + (a — b)R(t)

G(t) = T (2.2)
where
R() =tf(t)eo+(f(t)—t)el+(f(tt)—1)62
t) — (t b+ 1)t3
+(f() (+t2(a D )>ea, (2.3)
v — t—t3
f(6) == nXZ;QZn—ltz S T@ior (2.4)

Proof. We begin with the formal power series representa-
tion of the generating function for {Qy},

G(t) =) Qut"=Qo+Qt +Qot* + -+ Qut" + - .
n=0
Note that,
btG(t) = bQot + bQqt* + -+ + bQut™" + -
and
2G(t) = Qot? + Qi + -+ Qut™2 4 -
Since gy y1 = by + a1 and gy = aqyy_q + qor_o. We get
(1-bt —?)G(6) = Qo+ (Q — bQo)t
+3 0 (Qn = bQuoq — Qup)t”

n=2

= Qo+ (Q1 — bQo)t

+(a—Dbyt (i QZn1t2"> €o

n=1
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