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Let (Gm)m = 0 be an integer linear recurrence sequence (under some weak technical conditions)
and let x > 1 be an integer. In this paper, we are interested in the problem of finding combi-
nations of the form xG,, + G,_1 which belongs to (Gp)m - o for infinitely many positive integers
n. In this case, we shall make explicit an upper bound for x which only depends on the roots
of the characteristic polynomial of this recurrence. As application, we shall study the k-nacci
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1. Introduction

A sequence (Gp)p = o is a linear recurrence sequence with
coefficients cq, cy,...,c;_1, With cg # 0, if

Gnik = Co1Gpikq + -+ + €1Gpgr + CoGn, (1)

for all positive integer n. A recurrence sequence is therefore
completely determined by the initial values Gy, ..., G,_;, and
by the coefficients cq, ¢, ..., c;_;. The integer k is called the
order of the linear recurrence. The characteristic polynomial of
the sequence (Gp); > o is given by

Yx)=x—c X1 - —x = co.
It is well-known that for all n
Gn =gi(moaf + -+ g(n)ey, (2)

where «; is a root of v/(x) and gj(x) is a polynomial over a cer-
tain number field, for j =1, ..., ¢. In this paper, we consider
only integer recurrence sequences, i.e., recurrence sequences
whose coefficients and initial values are integers. Hence, gj(n)
is an algebraic number, forall j=1,...,¢, and n € Z.
Possibly, the most known recurrence sequence is the
Fibonacci sequence (Fp),-o defined by the recurrence
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Fiy1 = F + F_1 (n> 1) with initial values , =0 and F; = 1.
Its companion sequence is the sequence of Lucas numbers
(Ln)n = 0 which are defined by the same recurrence but with
initial values Lo =2 and L; = 1.

The Fibonacci numbers are known for their amazing
properties (see [7] for the history, properties, and rich appli-
cations of the Fibonacci sequence and some of its variants).
Among the several pretty algebraic identities involving these
numbers, we are interested in the following one

XFy+F_1=F.,x n>1 and xe{1,2}. (3)

In particular, this naive identity (which is completely easy
to prove) tell us, in particular (case x = 2), that the double of
a Fibonacci number added by its preceding term is always a
Fibonacci number. So, natural questions arise: Does the same
property hold for 3F; + F,_1? And for 4F, + F,_1? And so on?
This paper will be motivated by these questions.

Thus, the aim of this work is to combine some Diophan-
tine tools (asymptotic estimates and Galois theory) in order
to study the possibilities of existence of such identities in the
case of a general linear recurrence. In particular, we show
that it is possible to obtain an upper bound for x in the case
when xGp, + G,_1 belongs to the sequence (Gm)p > o for in-
finitely many integers m. This upper bound is effective and
can be make explicit by means of the recurrence sequence.
More precisely, our main result is the following.
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Theorem 1. Let (Gy), > o be an integer linear recurrence (of or-
der at least 2) such that its characteristic polynomial r(x) has a
simple positive root being the unique zero outside the unit circle.
If x = 1 is an integer such that XG, + G,_1 belongs to (Gn)p = o
for infinitely many integers n, then

2
max |z]

¥ (2)=0,|z|]<1

X =

(4)

Let us give a brief overview of our strategy for prov-
ing Theorem 1. First, by supposing that XGn + G_1 = Gyny»
we prove that a(n) = n + a, for some integer a (this is done
by using lower and upper bounds for G;). After, we use an
asymptotic formula for G,.¢/G, (when t € {1, a}) to obtain
the equation ax + 1 = a%*1, where « is the dominant root of
the sequence (Gm)p, > o. Since & > 1, the right-hand side of the
previous identity can be very large. However, by conjugat-
ing by some convenient automorphism of the Galois group
of the characteristic polynomial of the recurrence, we get
|Bx + 1| = |B|*! < 1 (since we are supposing that the alge-
braic conjugates of « are inside the unit circle). In conclusion,
we obtain an upper bound for x depending on .

Before stating an application of our previous result, we
need some definitions.

Let k = 2 and denote F® :=(E®),_ . ,. the k-
generalized Fibonacci sequence whose terms satisfy the recur-
rence relation

Flo _ I:(k)

n+k T Tn+k—

+E9 L+ +EY, (5)

with initial conditions 0,0, ..., 0
the first nonzero term is Fl(k) =1.

The above sequence is one among the several generaliza-
tions of Fibonacci numbers. Such a sequence is also called
k-step Fibonacci sequence, the Fibonacci k-sequence, or k-nacci
sequence. Clearly for k = 2, we obtain the classical Fibonacci
numbers, for k = 3, the Tribonacci numbers, for k = 4, the
Tetranacci numbers, etc.

Recently, these sequences have been the main subject of
many papers. We refer to [3] for results on the largest prime
factor of F,,(k) and we refer to [1] for the solution of the prob-
lem of finding powers of two belonging to these sequences.
In 2013, two conjectures concerning these numbers were
proved. The first one, proved by Bravo and Luca [4] is re-
lated to repdigits (i.e., numbers with only one distinct digit
in its decimal expansion) among k-nacci numbers (proposed
by Marques [9]) and the second one, a conjecture (proposed
by Noe and Post [10]) about coincidences between terms of
these sequences, proved independently by Bravo-Luca [2]
and Marques [8].

As application of our Theorem 1, we shall solve com-
pletely the case when G = F®. More precisely, we proved
that

1 (k terms) and such that

Theorem 2. The only pairs (x, k) € Z-1 x Zs such that
(k) (k) (k)
A A T (i (6)

for infinitely many positive integers n are (x, k) = (1,2) and
(2,2).

We remark the existence of the interesting identities of
the form

Fn(ﬂc-kl + X(F(kk+2 +-
foralln > 1,k > 2 and x e {1, 2}. This also can be deduce from
the previous theorems.

We point out that the main novelty of our results is that
it is very general and, in fact, it predicts when it is possible
to obtain identities of the form xG, + G,_1 = G, for a very
large class of recurrence sequences. Also, our method and our
results can be interesting for other authors which work on
these kinds of recurrences.

Fn(k)) F(k) (7)

n-+k

2. General recurrence sequences
2.1. Auxiliary results

In this section, we recall some results that will be very
useful for the proof of the above theorems. Let y/(x) be the
characteristic polynomial of a linear recurrence (G ), = 9. One
can factor ¥(x) over the set of complex numbers as

Y(x) = (x—a)™x—ax)™ - (x—a)™, (8)

where «q,...,a; are distinct non-zero complex numbers
(called the roots of the recurrence) and my, ..., m; are pos-
itive integers. A fundamental result in the theory of re-
currence sequences asserts that there exist uniquely de-
termined non-zero polynomials gi,....8 € Q({aj}s.:1)[x],
with degg; <m; —1,for j=1,...,¢t, such that

Gn =g (may +

For more details, see [11, Theorem C.1]. A root «; of the re-
currence is called a dominant root if |oj| > |e;|, forall j #ie
{1,....t}. The corresponding polynomial gj(n) is named the
dominant polynomial of the recurrence.

In the case of the Fibonacci sequence, the above formula
is known as Binet’s formula:

a — ﬂn

hi="yg (10)
where o = (1 ++/5)/2 (the golden number) and 8 = (1 —
V5)/2 = -1/a.

Now, we shall prove some lemmas which will be essential
ingredients in what follows. Throughout the paper, «; will
denote the dominant root of (Gu )y - o.

4 g (neaf, forall n. (9)

Lemma 1. Let a be any integer and let (Gy),~o be any
linear integer sequence satisfying the hypotheses of the
Theorem 1. Then

(11)

Proof. Since o/ is simple root, we have immediately m; =
1 and then the degree of dominant polynomial is at most
m; — 1 =0, soitis a constant, say g;.

Now, we use the formula in (9) to obtain

gla%H»ﬂ +g2 (n + a)an+a +g[ (n + a)a;’H»G
giof + g (n)aj + +gt(n)at

lim @ gz;";.a) avzwa 4t gf(n+a) alwu

n—oo 1 + gz(”) + 4 gr(")

gla" glﬂf”

lim —=*¢ Cnsa _ lim

n—oo n n—oo

— a
=af,
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