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Spatial diffusion and time delay are two main factors in biological and chemical systems. How-
ever, the combined effects of them on diffusion systems are not well studied. As a result, we
investigate a nonlinear diffusion system with delay and obtain the existence of the periodic
solutions using coincidence degree theory. Moreover, two numerical examples confirm our
theoretical results. The obtained results can also be applied in other related fields.
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1. Introduction

Consider the diffusion system of the form
au(r,t)
at
where u € R", D =diag(dy.dy,...,dp), d; >0,i=1,2,....n,

and A is the Laplace operator, that is,

=DAu(r, t) + f(u(r,t)),.t >0,re Q cR", (1)

I 9%u; (1, t) D 02u(r, t)
Au(r,t) = ZT,...,Z#
K

k=1 k=1

Let @ = (01,05, - - -, 6m) be a united vector and c be a con-
stant, then u(r, t) = @(r - 0 + ct) is called as a traveling wave
solution of (1). Thus, we have the ordinary differential system

D" (&) —c¢'(§) + f(¢(§)) =0. )
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The existence and stability of traveling wave solutions for
system (1) have been extensively studied, see more details in
Refs. [1-10]. In [11], Schaaf first systematically studied two
scalar reaction-diffusion equations with a single discrete de-
lay. Recently, the existence of traveling wave solutions for
delay diffusion system has attracted considerable attention
[12-18]. However, most papers only considered the existence
of traveling wavefronts [19-21].

Now we consider the diffusion system of the following
form:

u(r, t) m 32u(r, t)

TP or?

+ fiu(r, 0), v(r, ), u(r, t = L), v(r, t — b)), 3)
av(r, t) —d i 32u(r, t)

a e or?

+ L ), v(r, O, u(r. t — ), v(r.t — 1)),

wheret>0,re Q cR™, d; > 0, d, > 0 are the diffusion coeffi-
cients. Let u(r,t) = ¢(r- 0 +cqt) and v(r,t) = ¢(r - 0 + ct).
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We have that:

di@”(§) —c19'(§)
+f1(@(§). 9(§). 9§ —c1h). ¢(§ — 2b)) =0,
9" (&) — 29 (§)
+f2(9(&). ¢(6), 9§ —a1l), ¢(§ — cals)) = 0.
(4)
When the diffusion coefficients d; and d, and delays [y, I,

I3 and [ are T-periodic functions, Eq. (4) can be written
as:

X' (t) +a(t)x'(t)
= fi(t.x(t), y(t), x(t — 71 (1)), y(t — 01(t))) =0,
y'(t) +b(t)y'(t)
= f(t.x(t), y(t), x(t — 12(1)), y(t — 02(1))) =0,
(5)

where q, b, T1, T2, 01, 03, f1 and f, are T-periodic functions.
In this case, if (5) has a T-periodic solution (x(t), y(t)), we
have
e+T  exp (] a(u)du
X/(t) =t exp (f(OT[a(u)du))fl
x f1(5.%(5). y(5). x(s = 1 (). y(s =01 ()))ds.
/(t) _ [t+T _exp (Ji b(uydu)
y t exp(fy bwdu)-1
x (s, X(s), y(5), x(s — T2(5)), y(s — 02(5)) ) d.

In fact, system (3) has a traveling wave solution if, and
only if system (6) has a T-periodic solution. As a result, the
purpose of this paper is to establish the condition for the ex-
istence of at least one T-periodic solution of system (6), by
using continuation theorem [22].

2. Some preparation

In this section, we will give some preparations which
are crucial in the proof of our theorem. For the sake of dis-
cussion, in what follows we will introduce this theorem as
follows.

Let X and Y be two real Banach spaces, L: domLc X — Y be
a Fredholm mapping of index zero,and P: X — X,Q: Y — Y, be
continuous projections such that ImP = KerL, KerQ =ImL,
and X = KerL @ KerP, Y = ImL @ Im Q. Denote the restriction
of L to domL N KerP as by Lp, Kp : ImL — domL N KerP as the
inverse of Ly, and an isomorphism of ImQ onto KerL by J:
ImQ — KerL.

Lemma 1 ([22]). Let 2 C X be an open bounded set and let N :
X — Y be a continuous operator which is L-compact on €2 (i.e.,
QN : Q — Y and Kp(I — Q)N : © — X are compact). Assume

(a) Lx # ANx for every (x, A) € (domL\Ker n 9<2) x (0, 1);
(b) Nx ¢ImL for every x € KerLna<2;
(c) deg (QN|yerr, 2N kerL, 0) # 0.

Then the equation Lx = Nx has at least one solution in
domL N €.

Throughout this paper, we will discuss the prob-
lem in several classical spaces C(R, R), C'(R, R). For
the x e CR R), where x=(x;.x,)T, we use the
norm |||, = maxeor) [xi(®)| (=1,2) and x| =
max{||x1 ||, [|X2||cc}. Moreover, we will adopt the notation

Xl = (U [x(© [ de) vk,

Banach space X = {x| x € C(R,R), x(t) = x(t + T), for all
t € R} has the norm ||x||y = ||x|| . and Yis also a real Banach
space.

Now we can define L as the linear operator from domL c X
to Y with

domL = {x| x € X, X e C(R,R) and x(0) = 0}

and

L(x) = (x),  x=(x1,x)" e domL.
Define the nonlinear operator N: X — Y by
t+T
N(x) = G(t,5) f(5, X1 (5). X2(5). X1 (5 — T(5)).

X2(s — 0 (5)))ds,

where G(t, s) = (G109 ) with

Gy(t,s)’
Gilt.s) = exp (/7 a(u)du) 7
exp (fOT a(u)du) -1
Galt.s) — exp (/7 b(u)du)

exp (fOT b(u)du) 1

_ (f _(T _ (o _ (D
and f=(}1,) T = (1) 0 = (@) and D=(D1)
It is clear to see that there exists a vector constant M > 0
(M € R?) such that forany t € R,

G(t,s) <M.
Then, we can consider the operator equation
L(x) = AN(X). (7)
It is trivial to see that L is a bounded linear operator with
KerL = {x e domL : x(t) =d, t € R, d € R?},

+T
ImL = {er: y(s)ds:O},
t

and
dimKerL =2 = codimImL.

Consequently, it follows that L is a Fredholm mapping of in-
dex zero.
Define P: X — X and Q: Y — Y respectively as

Px =x(0), xeX,

and

T
Qy=1/ y(s)ds, yeY.
T Jo

It is not difficult to show that P and Q are continuous projec-
tors such that

ImP =Kerl, ImL=KerQ=Im({-0Q).

Furthermore, the generalized inverse (to L) Kp: ImL —
domL N KerP exists and has the following form:

k) = [ yes.
In fact, for y € ImL, we have
(LKp)y(t) = [ (O] = y(©).
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