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a b s t r a c t 

In this paper, we study mixed multifractal properties of stock index series both in China i.e., SSEC, SZSE 

and US i,e., DJIA, NASDAQ by mixed multifractal analysis and exploit the inner relationship between them. 

Further more, we study the relationship between Chinese stock indices and US stock indices in different 

time period. The results show that there is a higher level of mixed multifractal between SSEC and SZSE, 

and a lower level between China stock indices and NASDAQ. On the contrary, China stock indices has the 

highest level with DJIA which means that DJIA not only relates to US stock market, but also affects China 

stock markets. 

© 2016 Elsevier Ltd. All rights reserved. 

1. Introduction 

Multifractal has a far more complex scaling relation in the na- 

ture and requires a set of parameters to describe characteristics 

of complex systems. Multifractal is a development of the fractal, 

which was proposed by Mandelbrot in 1975 [1] . So far, the math- 

ematical definition of fractal is still not strict, which only has a 

descriptive definition. Fractal is a rough or fragmented geometri- 

cal shape that can be subdivided into parts, each of which is a 

reduced-size copy of the whole. The multifractal has been exten- 

sively studied in recent years, for example, stock market [2] , diffu- 

sion limited aggregation [3] , turbulence [4] , environment [5] ,cen- 

tral place system [6] , filters [7] , oil markets [8] and so on. 

Recently mixed multifractal has generated great interest. Mixed 

multifractal analysis studies the simultaneous scaling behavior of 

finite measures. It provides the basis for a significantly better un- 

derstanding of the local geometry of fractal measures. On the con- 

trary, classical multifractal analysis studies the local scaling be- 

haviour of single measure and it can only investigate the multi- 

fractality of one time series. Olsen [9] firstly established a general 

and unifying mixed multifractal theory of mixed Rényi dimensions 

and mixed coarse multifractal spectra. Mixed multifractal analy- 

sis thus combines local characteristics depending simultaneously 

on various different aspects of the underlying dynamical system 

with each other and provides the basis for a significantly better 
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understanding of the underlying dynamics. Olsen’s research builds 

a sound theoretical foundation for our study. 

China stock market, as an emerging market, has been studied in 

recently years [10,12,13] . Previously, China stock market is a small 

and relatively closed market in the world. With China’s rapid eco- 

nomic development, it is necessary for researchers to study the 

simultaneous scaling behavior between China stock market and 

global stock markets [14] . In this paper, we take US stock market 

as example. 

In China and US stock markets, researchers found that both 

China and US stock index series are multifractal [10,11] , but they 

focused on circumscribed single series. In this paper, we expand 

the classical multifractal analysis to mixed multifractal analysis to 

study the simultaneous scaling behaviour and relation of stock in- 

dex series in China and America for the first time in the literatures. 

Mixed multifractal analysis gets three dimensional mixed spectra 

to study relationships of two stock markets. It provides the foun- 

dation for a significantly better understanding of the relationships 

between two stock indices because of concatenating local charac- 

teristics which are based simultaneously on various different as- 

pects of the stock market. 

The organization of this paper is as follows. In Section 2 , we 

obtain the stock indices. In Section 3 , we introduce the statistical 

moment scaling method to investigate the existence of multifractal 

in China and US stock markets. Then, in Section 4 , we introduce 

the mixed multifractal analysis for the stock indices. In Section 5 , 

we analyze the level of mixed multifractal in different stock in- 

dex series by the obtained mixed multifractal spectra. Finally in 

Section 6 , we make a conclusion. 
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Fig. 1. Stock closing prices of SSEC, SZSE, NASDAQ, DJIA. 

2. Data 

The financial time series we use in this paper consists of four 

indices: two China stock indices, i.e., SSEC (Shanghai Stock Ex- 

change Composite index), SZSE (Shenzhen Stock Exchange Com- 

posite index) and two US stock indices, i.e., DJIA, NASDAQ. We use 

stock closing prices of the four indices from May 18, 2005 to May 

18, 2015 which are displayed in Fig. 1 . We also use stock closing 

prices in another time period from May 18, 1995 to May 18, 2005 

to make a comparison in Section 5 . The original sample data are 

obtained from finance of yahoo ( http://finance.yahoo.com/ ). 

We concern on the daily stock price return and volatility se- 

ries. For a giving stock market, denoting the stock market index as 

P t , the volatility is defined as the absolute return, x t = | log (P t ) −

log (P t−1 ) | [15] . The volatility series x t is the time series we ana- 

lyze in the following discuss. 

3. Classical multifractal analysis of a single measure 

In this section, we will use the statistical moment scaling 

method [17] to investigate the existence of multifractal in China 

and US stock markets. 

Consider the volatility series x t , t = 1 , 2 , . . . , n where n is the 

length of time series. Divide the series into n k = int( n / k ) non- 

overlapping segments of equal length k . According to different val- 

ues of k , we can calculate the average intensity in each interval i , 

which is a probability measure, denoted by 

μx (k, i ) = 

N x (k, i ) ∑ n k 
i =1 

N x (k, i ) 
, (1) 

where N x ( k, i ) is the sum of the x t belonging to the i th interval. 

It can be used to quantify the singular structure of μx ( k, i ) since 

Hausdorff multifractal spectrum of μx ( k, i ) describes the ‘size’ of 

the subset of points having the same scaling behavior. Hausdorff

multifractal spectrum of measure μx ( k, i ) is defined by 

f H (α) = dim H (E α) , 

where 

E α = 

{ 

i ∈ [1 , n ] : lim 

k →∞ 

log μx (k, i ) 

− log k 
= α

} 

, 

α is the Lipschitz–Hölder exponent which reflects the local behav- 

ior of the measure. Raising μx ( k, i ) to power q , we can have the 

mixed covering moment scaling function of the measures μx by 

M(k ; q ) = 

∑ 

i 

[ μx (k, i )] q . (2) 

Define the Rényi dimension 

τ (q ) = lim 

k →∞ 

log M(k ; q ) 

− log k 
. (3) 

The Hölder exponent α( q ) and multifractal spectrum f L ( α) are re- 

lated to τ ( q ) via a Legendre transform [18] , 

α(q ) = d (τ (q )) /d q, (4) 

f L (α) = inf 
q 

(qα(q ) − τ (q )) . (5) 

Under very general assumptions, it have been proven that f H ( α) ≤
f L ( α). For certain special classes of measures, we have the equality 

f H (α) = f L (α) ≡ f (α) [19] . 

We generate the multifractal spectra to analyze the multifractal 

behaviors in China stock market and US stock market. Fig. 2 dis- 

plays the Legendre spectra f ( α) for four stock series. The spectra all 

display the commonly observed bell shape, which means that the 

China stock indices and US stock indices both exhibit multifractal 

behaviors. 

4. Mixed multifractal analysis 

In this section, we will expand the statistical moment scaling 

method (introduced in Ref. [17] ) to investigate the mixed multi- 

fractal of finite financial time series by mixed multifractal spectra. 

The mixed multifractal analysis studies the simultaneous scaling 

behavior of finite measures and provides the basis for a signifi- 

cantly better understanding of the mixed multifractal of two mea- 

sures while classical multifractal analysis studies the local scaling 

behavior of one single measure. 

Consider two time series x t and y t , t = 1 , 2 , . . . , n where n is 

the length of time series. Divide each series into n k = int( n / k ) non- 

overlapping segments of equal length k . According to different val- 

ues of k , we can calculate the average intensity in each interval i , 
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