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In this paper, we consider some classes of general Cantor sets satisfying («)- regular condi-
tion and obtain necessary and sufficient conditions to characterize the fatness and thinness of
the sets for doubling measures under suitable conditions. It is applied to classify some kinds
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1. Introduction

A Borel probability measure p on [0, 1] is doubling if there
is a constant K > 1 such that

u() <Ku() (11)

for all pairs I, J of adjacent intervals of equal length in [0, 1].
In this case we also say that u is K-doubling on [0, 1]. De-
note by DMg|0, 1], the set of K-doubling measures on|[0, 1]
and by DM|0, 1], the set of doubling measures on [0, 1]. It
is clear that DMy, [0, 1] € DM, [0, 1] if K; < K3, and that
DM(0, 1] = Ug>1 DMkIO, 1]. For some results on doubling
measures we refer to [5,8,11].

Let E c [0, 1], we say that E is fat if £L(E) > 0, and that E is
thin if £(E) = 0, where £ denotes the Lebesgue measure. Ac-
cording to the relationship between fat (thin) sets and dou-
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bling measure on [0, 1], a fat set E can be classified to three
classes as follows:

(i) Eis very fatif u(E) > 0 for any u € DM|O, 1].
(ii) E is fairly fat if there are constants 1 < K; < K, such
that w(E) > 0 for any u € DMy, [0, 1], but w(E) =0
for some € DM, [0, 1].
(iii) E is minimally fat if for every K > 1 there is u e
DMk|0, 1] such that w(E) = 0.

Similarly, a thin set E can be classified to three classes: E
is very thin if w(E) = 0 for any u € DM|0, 1]; E is fairly thin
if there are constants 1 < K; < K5 such that £ (E) = 0 for any
i € DM, [0, 1], but (E) > 0 for some u € DM, [0, 1] ; Eis
minimally thin if for every K > 1 there is u € DMgJO0, 1] such
that u(E) > 0.

It is clear that a subset of [0, 1] with nonempty interior
is fat and that a countable subset is thin. Moreover, a set of
Hausdorff dimension zero is very thin (see [4]). According to
Tukia [10], a set of full Lebesgue measure may not be very fat
and for any ¢ € (0, 1), a set of Hausdorff dimension & may not
be very thin. However, Wu [12] showed that an (¢ )-porous
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set with }"i2; P = oo for all p > 0 is very thin. Staples and
Ward [9] proved an (o )-thick set with Y37 ; o P < oo for all
p > 0is very fat.

Later, Buckley et al. [1] studied the fatness of middle
interval Cantor sets. In [3], Han et al. discussed the fat-
ness and thinness of uniform Cantor sets E = E({n,}, {c,}).
They proved that the uniform Cantor set E is very fat if
and only if Y52 (ngc)? <oco forall0 < p <1 and E is
very thin if and only if Y77 ; (ngc,)P = oo for all p > 1. Fur-
ther, Peng and Wen [7] characterized the fairly (minimally)
fat (thin) uniform Cantor sets. In this paper, we shall con-
sider the fatness and thinness for a class of general Cantor
sets.

Now we define general Cantor sets. Let {n;};-; C N be
a sequence satisfying n, > 2, for any k > 1. Set ; = {O‘ =
i1 g rijef1,2,...n) forall 1 < j < k } and Qo = {#}.
Write Q2 = Uk>0 Qk and (1] .. .i]<) * i]<+l = i] .. .ikl.kJr]. Denote
by |A| the diameter of A [0, 1] and int(A) denotes the interior
of the set A. We say that a collection 7 = {I, },.q of closed
subintervals of [0, 1] has general Cantor structure, provided
thatly =[0,1] and forany k > 1 and 0 € Q;_1, I51, Ips2,- - -
Iy +n, . located from left to right, are subintervals of I, with
int(ly.;) Nint(ly.;) = ¥ fori#jand supscq, lls| — 0ask —
Q.

The general Cantor set associated with 7 is defined by

C=CH=NU b (12)

k>10€eQy,

where any I, of F is called a basic interval of rank k for o <
Q.

The general Cantor set C is said to be end-point regular if
forall k> 1and o € Q,_;, if Iy = [a, b], the left endpoint of
I s a, the right endpoint of I, is b.

Remark 1. The uniform Cantor set in [3] and the Moran sets
in [6] are all special classes of end-point regular general Can-
tor sets.

For all k>1,0 €9,y and 1 < i < n, write I,,; =
[af,b¢].Foralll<j<mn,—1,let

I = (b5, a7.,), if dist(lo.j, los(jen) > 0,
o @, ift dist(Iy.j, Iy(j11)) =0,

where dist (A,B) denotes the distance between two sets A and
B.

Denote Ik = {IU }GeSZ,<~ ~7k = Ua,j: J(r,j C IU }(rerq,]gjg
g —1, J = Uks1 Ji» where any J; ; of 7 is called a ba-
sic gap of rank |o| + 1. It is easy to see that F = (Jyo Zg.
Io = (U]sisnk Iysi) U (Ulgjgnk—ljtr,j) forallk> 1,0 € ;.

Definition 1. Given a sequence {a}32; with 0 < o < 1, the
end-point regular general Cantor set C is said to satisfy («y)-
regular condition, if there are constants 0 < r, <1 < oo such
that rya|lo| < Uy, j| < riallol, forany k> 1,0 € Q4.1 <
j<n,—1

Definition 2.

(1) The end-point regular general Cantor set C is said to be
good, if there exists ¢ € (0, 1) so that cly (], j # ¥, for
alk>1,0e€ Q1,1 <j<n,—1.

(2) The end-point regular general Cantor set C is said to be
rarely good, if there exists ¢ € (0, 1) so that J, ; Cclo,
forall k>1,0 € Q,_4,1<j<n,—1, where cl, de-
notes the interval that is concentric with I, and with
length c|l5|.

For 0 < p < oo, denote I? = {(an): Ypo 1 onP < o0} Now
we state our main results in this paper.

Theorem 1. Let C be a good general Cantor set satisfying (an)-
regular condition and M = supy{n;} < co. Then

(1) Cisvery fat if and only if (atn) € Mo p<1 IP-
(2) Cis very thinif and only if (atn) ¢ Up..1 IP.

Theorem 2. Let C be a rarely good general Cantor set satisfying
(oen)-regular condition and M = supy{n;} < oc.
If Cis fat, then

(1) Cis minimally fat if and only if (otn) ¢ Ug-pq IP-

(2) Cis fairly fat if and only if (otn) ¢ Mo~ p1 [P and (an) €
U0<p<1 P,
If Cis thin, then

(3) Cis minimally thin if and only if (atn) € Mp.q [P

(4) Cis fairly thin if and only if (an) ¢ (-1 [P and (an) €
Up>1 IP.

If the general Cantor set C satisfies the lengths of basic
intervals (respectively, gaps) with the same rank are com-
parable, that is to say, for any k> 1,0 € ,_;, there exist
constants [, > 1, m, > 1 such that i|lﬁi| <1 = bllsal,

T=ii =meand ool < U, ol =millo jl 1=5.J = —
1, then the general Cantor set C is said to satisfy compara-
ble condition, where {[,}?° |, {m;}2, are called control se-
quences.

Theorem 3. Let {a;}p°, be a sequence with ai € (0, 1), miaqy <

1 for all k > 1 and C is the general Cantor set satisfying (ay)-

regular condition and comparable condition with bounded con-

trol sequences {li}¢2 ;. {my )72 ;-
If Cis fat, then

(1) Cisvery fat if and only if "2 ; (nay )P < oo forall0 < p
<1

(2) Cis minimally fat if and only if Y32 ; (n,.a, )P = oo for all
O<p<1.

(3) Cis fairly fat if and only if there are constants 0 <p < q <
1 such that Y12 1 (nay)9 < oo and Y72 4 (nay)? = oc.
If Cis thin, then

(4) Cis very thinif and only if 372 (na)P = oo forall p >
1.

(5) Cis minimally thin if and only if Y32 ; (nga,)P < oo for
allp > 1.

(6) Cis fairly thin if and only if there are constants 1 < p <
q < oo such that Y32 1 (na; )9 < oo and Y32 4 (nay )P =
Q.

Remark 2. Theorem 3 extends the results in [3,7] since
the uniform Cantor set in [3,7] satisfies the conditions of
Theorem 3.
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