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Abstract

In this paper, the feedback control for a class of bilinear control systems is investigated. Using the Bellman–Gron-
wall inequality, a feedback control is proposed to guarantee the existence of limit cycles for such bilinear control sys-
tems. Moreover, the exponentially stable limit cycles, the guaranteed convergence rate, and frequency of oscillation can
be correctly estimated. Finally, a numerical example is provided to illustrate the use of the main result.
� 2006 Elsevier Ltd. All rights reserved.

1. Introduction

Nonlinear network can offer oscillations with fixed amplitude and fixed period. These oscillations are named limit
cycles, e.g., Van der Pol equation and an RLC electrical circuit with a nonlinear resistor. Limit cycles are unique phe-
nomenon of nonlinear networks and have been a main concern of the researchers over the years; see, for instance, [1–8],
and the references therein. Prediction of limit cycles is very significant, because limit cycles can happen in any kind of
physical system. Frequently, a limit cycle can be desirable. This is the case of limit cycles in the electronic oscillators
utilized in laboratories. There are at least four methodologies to investigate the phenomenon of limit cycles, namely
describing function method, Poincare–Bendixson theorem, Piecewise-linearized methods [7], and Lyapunov-like
approach [8]. The drawbacks of the describing function method are related to its approximate nature, and include
the possibility of incorrect predictions. Furthermore, the Poincare–Bendixson theorem only provides a necessary con-
dition to guarantee the existence of limit cycles [8]. Hence, even the conditions of the Poincare–Bendixson theorem are
satisfied for some system, the existence of limit cycles cannot be guaranteed for such system.

In this paper, using the Bellman–Gronwall inequality, a feedback control is proposed to guarantee the existence of
limit cycles for a class of bilinear control systems. In addition, the exponentially stable limit cycles and frequency of
oscillation can be correctly estimated. Finally, an estimate of the guaranteed convergence rate is derived for such bilin-
ear control systems.

2. Problem formulation and main results

In this paper, we consider the following bilinear control systems [9]:
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_xðtÞ ¼ AxðtÞ þ uðtÞNxðtÞ; 8t P t0 P 0; ð1aÞ

xðt0Þ ¼
x10

x20

� �
; ð1bÞ

where

x ¼
x1

x2

� �
2 R2; u 2 R; A :¼

a �b

b a

� �
; N :¼

�1 0

0 �1

� �
;

with a > 0 and x(t0) 5 0. Specially, the feedback control law is selected as follows:

uðtÞ ¼ �rðx2
1ðtÞ þ x2

2ðtÞÞ; with �r > 0. ð1cÞ

Thus, the closed-loop systems are deduced as

_x1ðtÞ ¼ �bx2ðtÞ � �rx1ðtÞ x2
1ðtÞ þ x2

2ðtÞ �
a
�r

h i
;

_x2ðtÞ ¼ bx1ðtÞ � �rx2ðtÞ x2
1ðtÞ þ x2

2ðtÞ �
a
�r

h i
; 8t P t0.

8><
>: ð2Þ

Obviously, x = 0 is an equivalent point of system (2), i.e., the solution of system (2) is given by x(t) = 0 if x(t0) = 0. To
avoid the trivial case of x(t0) = 0, in the following, we only consider the system (1) under the case of x(t0) 5 0.

Definition 1 [8]. Consider the system (2). The closed and bounded manifold s(x) = 0, in the x1–x2 plane, is said to be an
exponentially stable limit cycle if there exist two positive numbers a and b such that the manifold of s(x) = 0 along the
trajectories of system (2) satisfies the following inequality:

jsðxðtÞÞj 6 b � exp½�aðt � t0Þ�; 8t P t0.

In this case, the positive number a is called the guaranteed convergence rate.

Now, we present the main result for the existence of limit cycles of system (1) as follows.

Theorem 1. For the feedback bilinear systems (1), all of phase trajectories tend to the exponentially stable limit cycle

sðxÞ ¼ x2
1 þ x2

2 � a
�r ¼ 0 in the x1–x2 plane, with the guaranteed convergence rate

a :¼
1 if x2

10 þ x2
20 ¼ a=�r;

2a if x2
10 þ x2

20 > a=�r;

2�rðx2
10 þ x2

20Þ if x2
10 þ x2

20 < a=�r.

8><
>:

Furthermore, the states x1(t) and x2(t) exponentially track, respectively, the trajectoriesffiffiffi
a
�r

r
cos bðt � t0Þ þ tan�1 x20

x10

� �� �
and

ffiffiffi
a
�r

r
sin bðt � t0Þ þ tan�1 x20

x10

� �� �
;

in the time domain, with the guaranteed convergence rate a/2.

Proof. Define a smooth manifold s(x) = 0 and a continuous function hðxÞ :¼ tan�1 ½x2

x1
� with sðxÞ ¼ xTx� a

�r. Then the
time derivatives of s2(x) and h(x) along the trajectories of system (2) is given by

ds2ðxðtÞÞ
dt

¼ 2sðxðtÞÞ � ð2x1 _x1 þ 2x2 _x2Þ ¼ �4�rðx2
1 þ x2

2Þs2ðxðtÞÞ;

dhðxðtÞÞ
dt

¼ _x2x1 � _x1x2

x2
1 þ x2

2

¼ b;
ð3Þ

which imply

hðxðtÞÞ ¼ bðt � t0Þ þ tan�1 x20

x10

� �
. ð4Þ

In the following, there are three cases to discuss the trajectories of the feedback control system of (2).
Case 1: x2

1ðt0Þ þ x2
2ðt0Þ ¼ a=�r (or equivalently; sðxðt0ÞÞ ¼ 0)

In this case, from (3), it can be obtained that ds2ðxðtÞÞ
dt ¼ 0, which implies

x2
1ðtÞ þ x2

2ðtÞ ¼ a=�r; 8t P t0. ð5Þ
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