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We consider a metapopulation version of the Schelling model of segregation over several
complex networks and lattices. We show that the segregation process is topology indepen-
dent and hence it is intrinsic to the individual tolerance. The role of the topology is to fix
the places where the segregation patterns emerge. In addition we address the question of

the time evolution of the segregation clusters, resulting from different dynamical regimes
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of a coarsening process, as a function of the tolerance parameter. We show that the under-
lying topology may alter the early stage of the coarsening process, once large values of the
tolerance are used, while for lower ones a different mechanism is at work and it results to
be topology independent.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

People tend to move to reduce their uneasiness and in-
crease their personal utility computed across many dimen-
sions, thus the formation of strongly separated groups or
even ghettos is a self-organised emergent process of our
societies. Such phenomenon can be harmful when lead-
ing to discrimination based on segregation [1]. This is-
sue has been recognised as one of the most important
socio-political problems in the USA, and many Western-
European countries are becoming increasingly aware of
this problem [2]. Economical inequalities have been recog-
nised as the main cause for this phenomenon [3]. Not
downplaying this fact, Schelling studied, in the 70’s, the ef-
fect of individual preferences concerning the composition
of the individuals neighbourhood. Introducing a stylised
model, he showed that even weak preferences unbalance
can lead to total segregation in societies [5]. In the mod-
ern language of complex systems, such phenomenon can
be ascribed to self-organisation in social sciences [6-8] and
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thus possibly studied with methods coming from statistical
mechanics [9].

In the original works by Schelling, a population com-
posed by two kinds of agents, say Red and Blue, is as-
sumed to live on a regular network (1D or 2D lattices)
where each node can either host a single agent or remain
empty [4,5]. Agents are happy, and thus do not move, if
they are surrounded by sufficiently many agents of the
same kind, otherwise they are unhappy and move to an-
other location. The model is specified though two parame-
ters: the population density of agents on the lattice, p, and
the tolerance, ¢, the parameter responsible for the will-
ingness to move or to stay in a certain site. Besides its
simplicity the model exhibits a very rich phenomenology,
for instance scholars have been interested in understand-
ing the presence of a phase transitions in the final distribu-
tion of agents (segregation vs well mixed), the role of the
density of agents and thus of the density of empty spaces
(emptiness), and the dynamics of the separation of clusters
composed by the same kind of agents (interface growth)
[10,11].

The Schelling model has been used to explain racial
segregation phenomena, mainly in the U.S., and despite the
simplicity of the assumptions (only two kinds of agents
are allowed to move in a square lattice) and its stylised
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description of the human behaviour (the tolerances are
uniform, symmetric and independent on the number of in-
volved individuals) it is able to reproduce the unstable na-
ture of non-segregated societies [12].

Recently the Schelling model has been improved to ac-
count for the possibility that nodes host more than one
agent [7,8,13], opening in this way to a generalisation to
the metapopulation framework [6]. In particular, in a pre-
vious work [13], we studied a metapopulation Schelling
model over regular networks (1D and 2D lattices) able to
capture the idealised movement of people across city dis-
tricts, each one allowing for a finite carrying capacity. A
first result of this paper is that a phase transition happens
when the tolerance is &c = 0.5. For € < & the lattice sites
are completely magnetised, namely only one type of agents
is present on each node. Moreover, we found that for low
values of the tolerance (¢ < 0.3) the system remains stuck
in a long quasi-stationary transient phase, during which
the population is in a well mixed phase, but suddenly the
system jumps in a new stable phase where agents are het-
erogeneously distributed across nodes. We named towers,
such nodes with a very large density, corresponding thus
to nodes where agents prefer to live. Let us observe that
such result is obtained without any exogenous preferential
attachment mechanism. Another interesting characteristics
exhibited by the system, in the range of small tolerances, is
the presence of clusters of empty nodes separating mono-
coloured clusters that we named interface; moreover such
interfaces grow in time with a power law behaviour whose
specific exponent depends on the tolerance parameter.

In the own Schelling words, people get separated along
many lines and many ways, but the pattern formation re-
garding this separation, has strong connection with how
different cultures define their satisfaction, in terms of their
daily activity and living constraints. For instance, for fami-
lies whose children play outside or love having their daily
commercial life surrounding their houses, their neighbour-
hood is very important. On the other hand, if we con-
sider cities, where people activity is largely restricted to
the buildings where they live or work, then the individ-
uals relocation decisions depend more on the composition
of the fully-connected building than on the neighbourhood.

Building on the previous remark we are interested in
the present work to consider a metapopulation Schelling
model where the underlaying network exhibits a complex
topology, and thus to understand how such heterogeneity
of connectivity changes the model outcomes with respect
to the regular lattice previously studied.

We find that neither a complex network topology nor
the network size do not change drastically the qualitative
system behaviour and that the transition threshold leading
to segregated states is € = 0.5, and thus results to be an
universal parameter of the Schelling models. This outcome
is interesting since it mirrors a previous important result
for opinion dynamics, [14], where it has been showed that
in Bounded Confidence Models, where a threshold deter-
mines if people locally agree or not, the topology is not
affecting the final outcome of the system, unless the net-
work itself has a dynamics [15,16].

Even if the qualitative behaviour of the Schelling model
is not affected by the underlaying network topology, we

observe that the times to the convergent state depends
strongly on the connectivity of the network, the larger the
average degree the longer the time needed to reach the fi-
nal state, and scales super linearly with the network size.
Moreover we observe important correlations between the
local network structure and the population distributions,
namely agents tend to avoid hubs, that thus will be mainly
empty, while they tend to accumulate, namely to form
towers, in low degree nodes.

On the other hand, the removal and rewiring of lo-
cal connections modifies the typical early coarsening pro-
cess of clusters growth, for big values of ¢. However for
low values of tolerance, when the system passes through a
long quasi-stationary regime, a late stage of coarsening be-
comes dominant, where the system creates the “towers”.
We found that in this regime the time scaling of the inter-
face growth is independent of the network topology. Our
work is organised as follow: in Section 2 we provide a de-
tailed description of the methodology in terms of dynamics
and topology. The results are shown in Section 3. Finally
we conclude in Section 4.

2. The model

Let us consider a network composed by N nodes each
one able to contain at most L agents, some of which belong
to the Red group and some to the Blue one. The total num-
ber of agents is a conserved parameter that we decide to
express in terms of the total emptiness, pNL, where p € (0,
1), is defined as the total number of available space not oc-
cupied by any agent. The system is initialised by choosing
uniformly random amounts of Blue and Red agents in each
node, close to the homogeneous equilibrium (1 — p)NL/2.
Time increases by discrete steps. One step consists in the
random selection and the (eventual) relocation of an agent
accordingly to her happiness. An agent is happy in a given
node i, if the fraction of agents with the opposite kind in-
side the neighbourhood, defined as the set of nodes at dis-
tance smaller or equal to 1 from i, is smaller than a thresh-
old ¢, in formula:

fiB _ Zjei n?
Zjei(nl? +Tl?)
if fB> ¢ (1)

where nf(, X = A, B, denotes the number of agents belong-
ing to the X-kind in the node ith, and j € i is a shorthand
to denote the set of nodes connected to i and i itself. Un-
happy agents relocate themselves to another node in the
network, chosen with uniformly random probability, and
provided that there is enough space available there. The
rationale being that one agent cannot have a full knowl-
edge of the arriving site.

In the following, except when explicitly written, we
consider networks formed by N = 400 nodes and we will
consider four topologies: Lattices, Small World networks
constructed using the Watts-Strogatz (WS) algorithm [18],
Random Networks by using Erdés-Rényi procedure [19]
and the Scale-free topologies obtained using the prefer-
ential attachment mechanism proposed by Barabasi-Albert
(BA) [21]. To check the impact of the node degree we also

then B is unhappy in node i,
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