Chaos, Solitons and Fractals 88 (2016) 75-99

Contents lists available at ScienceDirect

Chaos, Solitons and Fractals
Nonlinear Science, and Nonequilibrium and Complex Phenomena

journal homepage: www.elsevier.com/locate/chaos

A Monte Carlo multi-asset option pricing approximation for
general stochastic processes

@ CrossMark

Juan Arismendi*P, Alan De Genaro “4*

2 Department of Economics, Federal University of Bahia, Rua Bardo de Jeremoabo, 668-1154 Salvador, Brazil
b JCMA Centre, Henley Business School, University of Reading, Whiteknights, Reading, United Kingdom

¢ Department of Economics, University of Sdo Paulo, Rua Luciano Gualberto, 908 Sdo Paulo, Brazil

d Cetip S.A. Mercados Organizados, Av. Brigadeiro Faria Lima, 1663 Sdo Paulo, Brazil

ARTICLE INFO ABSTRACT

Article history:

Received 14 November 2015
Revised 14 February 2016
Accepted 17 February 2016
Available online 27 March 2016

We derived a model-free analytical approximation of the price of a multi-asset option
defined over an arbitrary multivariate process, applying a semi-parametric expansion of
the unknown risk-neutral density with the moments. The analytical expansion termed
as the Multivariate Generalised Edgeworth Expansion (MGEE) is an infinite series over the
derivatives of an auxiliary continuous time density. The expansion could be used to en-
hance a Monte Carlo pricing methodology incorporating the information about moments
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of the risk-neutral distribution. The efficiency of the approximation is tested over a jump-
diffusion and a g-Gaussian diffusion. For the known density, we tested the multivariate
lognormal (MVLN), even though arbitrary densities could be used. The MGEE relates two
densities and isolates the effects of multivariate moments over the option prices. Results
show that a calibrated approximation provides a good fit when the difference between
the moments of the risk-neutral density and the auxiliary density are small relative to the
density function of the former, and the uncalibrated approximation has immediate impli-
cations over risk management and hedging theory. The possibility to select the auxiliary
density provides an advantage over classical Gram-Charlier A, B and C series approxima-

tions.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

The distribution of the asset returns in equity markets
is ‘fat-tailed’ and ‘skewed’ [24,30]. For this reason, a semi-
parametric formula like that of Jarrow and Rudd [25] pro-
foundly impacted the literature. They approximated an ar-
bitrary continuous risk-neutral density of a univariate as-
set, using a Generalised Edgeworth Expansion (GEE) over
a lognormal density. To obtain the option price, they inte-
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grated the resulting approximated density under the risk-
neutral measure. To calibrate the approximation, the GEE
requires the empirical moments of the unknown density
of the asset. By doing this, not only the price is calculated,
and the moments of the asset incorporated into the final
formula, but also the effects of perturbations over the mo-
ments of the distribution on the option price can be easily
observed.!

1 As a result of the success of this model, it has been used in a large

amount of empirical research, including Corrado and Su [13], Bhandari
and Das [6] for options on portfolios, Lim et al. [35] for a parametric op-
tion pricing model, Flamouris and Giamouridis [21] for a semi-parametric
model and Ait-Sahalia and Lo [1] for a non-parametric model for density
estimation.
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There exist popular versions of multi-asset options,
one of which is the basket option: Given a vector of
weights @ = {w1, ..., wp}, a strike price K, and a n-variate
vector of assets s(t) ={sy,...,sp}, the payoff of a bas-
ket option at maturity ¢t is T1(s(t), @, K) = [w151(t) +--- +
wnSn(t) — K]*. Rainbow, quanto, spread and even index
options can be regarded in the class of multi-asset op-
tions. In general, the payoff of multi-asset options can
be specified as a function of the assets: IT(s(t),®,K) =
[p(s1(t),....sn(t), K)]*, where ¢( - ) is a multivariate real
function. Special case of basket options are spread options,
which are highly traded on NYMEX. The compilation made
by Carmona and Durrleman [11], is a very extensive and
complete reference of previous attempts and models that
addressed the issue of pricing and hedging spread options.
Numerical methods like Monte Carlo, binomial and trino-
mial trees, Fourier transform, had been used; However all
methods use an approximation of the univariate density of
the sum of the assets. Krekel et al. [31] did a comparison of
different basket option pricing methods, concluding that Ju
[26] and BeifBer [5] are the best performing methods, but
both methods approach the pricing through the univariate
density of the distribution the payoff.

In this research, an approximate multi-asset option
price is provided applying the Multivariate Generalised
Edgeworth Expansion (MGEE) framework. In other words,
we extend the results in [25] to the multivariate case. Our
formula disentangles the impact of multivariate higher-
order moments on the option prices.? It is the first time
that a formula that disentangles the impact of multivari-
ate higher-order moments on option prices has been pro-
vided.? The main advantage of our approximation is that
it is for arbitrary processes; this means it can be used
with discontinuous-time models originated not only from
a Wiener diffusion, but also from Lévy processes such as
jump-diffusion or g-Gaussian diffusion.* In the Jarrow and
Rudd [25] formula the value of the European option is
equal to the Black and Scholes price plus corrections based
on the difference of the moments of the lognormal distri-
bution and the real market distribution. In this paper, the
GEE is extended to the multivariate case (MGEE), and then
the Black and Scholes price is calculated using a Monte
Carlo simulation, as there exists no equivalent closed-form

2 The option price formula is derived using a Fourier inversion method.
Nevertheless, the method is applied for the large class of continuous den-
sity functions with partial derivatives, resulting in a formula that is on the
time domain, and there will be no need of a Fourier inversion method
for pricing. In a paper by Niguez and Perote [41], a density expansion us-
ing the moments of the distribution termed General Moments Expansion
(GEM) is provided. This expansion generates only positive densities; how-
ever, it needs an additional vector of parameters of the same dimension
of the distribution dimension; these additional parameters have no eco-
nomical significance.

3 Schlégl [44] provides an multi-asset option approximation using a
multivariate Gram-Charlier A series expansion; however, there are as-
sumptions over the risk-neutral density, and an additional methodology
is needed to extract the moments inside the expansion from the Hermite
polynomials.

4 Our results complement the results of Filipovic et al. [20], as we pro-
vide a thorough study of the higher-order moments effect over option
prices. In [29] a Gram-Charlier expansion is derived for pricing options
using the first four moments of a univariate risk-neutral distribution.

Black and Scholes formula for the multivariate case. An-
other benefit of our results is that the moments of the risk-
neutral density of the assets could be obtained separately
through empirical work and, if they are available, then the
price of the option is straightforwardly obtained using our
formula. As a result, higher-order moment effects like the
ones observed during market crashes can be easily mod-
elled into the pricing or the hedging of the option.

The approximation provided allows us to calculate the
moments of the distribution of the sum of lognormals in
a multivariate setting, and this can be considered an in-
teresting result not only for finance, but in general” In
[26], an univariate approximation of the risk-neutral den-
sity is provided, using a Taylor expansion over a univari-
ate lognormal density. Kristensen and Mele [32] also pro-
vide an approximation with an application to asset pricing
theory. This approximation is based on a Taylor expansion
of a differential operator over the divergence between the
Black and Scholes model price and the real price. Conse-
quently, the moments of the distribution are not part of
the option pricing formula, making it very difficult to un-
derstand how changes over the distribution affect the final
price. Our approach for valuing multi-asset options using
the multivariate risk-neutral density is novel, since all pre-
vious models attempt to price multi-asset options with a
function of univariate densities: Li et al.[33,34] developed
two new approximations, an original termed second-order
boundary approximation, and an extension to the multivari-
ate case of the Kirk [28] formula for spread options termed
the extended Kirk approximation. Both approximations re-
duce the dimensions of the problem, from a multivariate
integration to a function of an univariate normal standard
density. In [2] the price of a spread option is approximated
as the price of the sum of two compound options, and
that is extended in [3] for multi-asset options. The prices
of the compound options were calculated by Geske [22]
and by Carr [12]. The final formula will be a function of
the product of univariate densities. Working with the mul-
tivariate risk-neutral density requires additional notation
from multivariate statistics. Nevertheless, the main advan-
tage for empirical research is a more realistic framework,
and it provides new tools for hedging and risk manage-
ment.

The MGEE can be considered another important contri-
bution of our research for other fields of application such
as statistics. Although Perote [42] and Del Brio et al. [15]
produced a Multivariate Edgeworth Expansion (MEE), this
expansion is based on an approximation of the multivari-
ate normal (MVN) distribution, with the complications of
negative density values when the empirical density to fit
is leptokurtic. We face the same risk, but if we select an
appropriate distribution with skewness and kurtosis more
similar to the risk-neutral density, this problem is dimin-
ished.

5 Limpert et al. [36] and Dufresne [18] review the importance of the
distribution of the sum of lognormals in finance, and in physical sciences
in general.
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