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We pay particular attention to a nonlinear evolution system derived by Kraenkel et al. (2000) from
Maxwell’s equations and the Landau-Lifshitz-Gilbert equation, describing the propagation of ultra-short
wave in ferromagnetic materials. Since the associated Lax-pairs of such a system has been provided
standing for a proof of its integrability, we follow the inverse scattering transform method and partic-

ularly the Wadati-Konno-Ichikawa scheme to unveil the soliton solutions to this system and study their

PACS: scattering properties.
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1. Introduction

The investigation of the integrability of nonlinear evolution
systems has attracted many attentions over previous years. As a
consequence, number of researchers have developed various ap-
proaches to construct solutions to such systems, namely, Hirota’s
bilinearization [1], the Darboux transformation [2], the inverse
scattering transform [3], just to name a few. Between these meth-
ods, Hirota’s bilinearization is a straightforward one, that uses as-
sociated equations along with differential operators known as Hi-
rota’s operators linked with some transformations. The success of
this method leads on the facility in generating multisoliton solu-
tions. But it is not always easy to find appropriate transforma-
tions necessary to the generation of the bilinear equation asso-
ciated to an evolution system. This situation suggests to look for
alternative methods to solve nonlinear evolution systems, namely,
the inverse scattering method. Paying particular interest to this
method, number of evolution equations have been investigated us-
ing this tool. This technique, to be performed, one needs foremost
to determine associated Lax-pairs to the nonlinear evolution sys-
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tem, useful to construct its soliton solutions. Therefore, it is nec-
essary to use another tool to find these associated Lax-pairs. Such
a task can be done directly, or by using an efficient method of-
ten undertaken to investigate the integrability of nonlinear evolu-
tion systems, known in the literature as the prolongation struc-
ture analysis due to Wahlquist and Estabrook [4]. This method,
based on the language of differential geometry and Lie-algebra rep-
resentation theory, is a straightforward method to find Lax-pairs
of nonlinear wave equations and in addition, provides the hidden
structural symmetries embedded in such systems. Once the Lax-
formulation of a given nonlinear equation is settled, the inverse
scattering method can be performed. There are various approaches
that can be handled, depending on the form of the Lax-pairs.
The most known are the Ablowitz-Kaup-Newell-Segur and the
Wadati-Konno-Ichikawa (WKI)-schemes [5-7], just to name a few.

Concerning the problem of the integrability of nonlinear evo-
lution equations, it sometimes appears that, from the viewpoint
of some methods, these systems are integrable and are not in the
viewpoint of other methods, making it necessary to investigate the
solution using different methods. Therefore, since the system de-
rived by Kraenkel et al. [8] has been investigated using Hirota’s bi-
linear method, one- and two-soliton solutions being provided, the
question that arises is the one to know whether this system is also
solvable using the inverse scattering method. Thus, we organize
this paper as follows: in Section 2, we investigate the eigenvalue
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problem of the system derived by Kraenkel et al. [8] in details.
Next in Section 3, we construct one-, two- and three-soliton solu-
tions to this system. In Section 4, we discuss the results obtained
while addressing some physical implications. Finally, we end this
work with a brief summary and perspectives.

2. Inverse scattering transform of the Kraenkel-Manna-Merle
(KMM) system

While investigating the propagation of short-waves in saturated
ferromagnetic materials with zero-conductivity in the presence of
an external field, Kraenkel et al. [8] have constructed the following
nonlinear evolution system:

By; = BCx — sB, (1a)

Cxt = —BBx (1b)

from Maxwell’s equations supplemented by the Landau-Lifshitz-
Gilbert equation [9,10], where the quantities B and C represent two
physical observables standing for the magnetization and the exter-
nal magnetic field related to the ferrite, respectively. The parameter
s stands for the damping effect, while the subscripts t and x are de-
noting partial derivatives according to the time-like and space-like
variables respectively. Considering the zero damping effect (s = 0),
Kraenkel et al. [8] provided via some transformations, one-soliton
solution to the above system. Going forward, Nguepjouo et al. [10]
and separately Kuetche et al. [11,12], after having investigated the
phase portrait analysis of system (1), have investigated its inte-
grability properties under the framework of prolongation structure
and have provided associated Lax-pairs, opening the way in look-
ing for it soliton solutions via the inverse scattering method. But,
instead of using the previously mentioned method, they derived
the related Hirota’s bilinearization to system (1), and constructed
its one- and two-soliton solutions while studying in details their
scattering properties. Therefore, the study of the Lax-pairs derived
by Kuetche et al. [11,12] is worth underlying.

Investigating the prolongation structure of system (1), Kuetche
et al. [11] showed that the system is integrable under the condi-
tion (s = 0). The associated Lax-pairs have therefore been provided,
having as expression
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which give rise to Eq. (1) under the cross differentiation yxr = yix,
implying that the spectral parameter A is a constant. System (2)
then constitutes the starting point to the investigation of the in-
verse scattering transform method. According to the expression of
the above Lax-pairs, we suitably follow the WKI-scheme [13].
Indeed, we define the associated Jost functions as follows:

¢ — <(1)> exp(—1rx),
as X — —00, (3)
¢_> — <_01> exp(1Ax),
and
{1/ (?) exp(1Ax),
1 as X — +4o00. (4)
v — <0> exp(—1ix)

The functions ¢, zﬁ Y and 1ﬁ being related by scattering coeffi-
cients as follows:

¢ = ay + by, (5a)
¢ = —ay + by, (5b)
where a, d, b, b verify

ad + bb = 1. (6)

It is important to mention that for the complex-valued A we
have:
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from which one deduces naturally the relations

a(h) =a'(x), b =b"("). 8)
We now investigate the asymptotic behavior of the Jost func-
tions for large A under the following boundary conditions:
G—1
as |x| — oo. (9)
By — 0
Defining the quantity

@1 = exp (—le+[X o (X, l)dl), (10)

and substituting Eq. (10) into (2), we obtain
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where it appears clearly that o is a conserved quantity. Let us now
expand o in power series of 1A as follows:
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which substituted in Eq. (12) yields
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Infinite number of conserved quantities can hence be generated,
the first two of them being given as follows:

o_1=1-¢€/C%+B2, (14a)
1 G
= ar-olo e (5). ) )

with € = +1. We then provide the asymptotic behavior of the func-
tion ¢ as
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