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Given an intensity-based credit risk model, this paper studies dependence structure be-
tween default intensities. To model this structure, we use a multivariate shot noise inten-
sity process, where jumps occur simultaneously and their sizes are correlated. Through
very lengthy algebra, we obtain explicitly the joint survival probability of the integrated

intensities by using the truncated invariant Farlie-Gumbel-Morgenstern copula with expo-
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nential marginal distributions. We also apply our theoretical result to pricing basket de-
fault swap spreads. This result can provide a useful guide for credit risk management.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

The credit risk modeling has been developed in two
ways: the structural approach and the intensity-based ap-
proach. Our current paper concerns the latter. Managing
credit risks is challenging because of a disproportionately
large amount of joint defaults by different counterparties.
Joint default events impact financial markets significantly;
they also create complicated mathematical problems. One
of the best ways to understand the dependence structure
of joint defaults is by using copulas. A copula is a function
that links univariate distributions on [0, 1]" to a joint mul-
tivariate distribution on [0, 1] and provides one method of
modeling the dependence structure. The existence of such
a function is guaranteed by the well-known Sklar theorem
(See Nelsen [12] for more details). Also, refer to Schweizer
and Wolff [14] for the basic properties of copulas, Sungur
[15] for the utilization of copulas to establish dependence
models for multivariate data, and Choe et al. [2] developed
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a theoretical framework addressing the joint distribution
and provided a general equation for time-dependent copu-
las related to stochastic processes that arise in finance.

A copula approach has been developed to deal with de-
fault correlations. Li [10] introduced the one-factor Gaus-
sian copula and showed how to build a multivariate
distribution of survival times for the valuation of credit
derivatives. To relax the assumption of the Gaussian distri-
bution in the one-factor Gaussian copula, student t-copula
[5,6] and Clayton copula [13] are commonly used. Also, as
shown by Ma and Kim [11], the copula approach enables
modeling of default correlation under an intensity-based
framework, where the default intensities are driven by de-
pendent jumps.

This study is basically a combination of Ma and Kim
[11] and Kim et al. [8]. Ma and Kim [11] derived a theoreti-
cal result for the joint survival probability under the Farlie-
Gumbel-Morgenstern (FGM) copula in the credit default
swap contract. Kim et al. [8] also proposed the generalized
FGM copula and can be resulted using foreign currency
exchange data. In financial market, the default events can
be affected by the external events such as the bankruptcy
of firms and mergers and acquisitions. To capture the ef-
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fects of external events, we consider that each entity has
its own default intensity process and dependency structure
between default intensities is modeled by the copula func-
tion. Generally, these external events can be resulted in a
simultaneous positive jump in intensity processes. As time
goes by, these intensity processes decrease to prevent de-
fault events after the arrival of a external event; the de-
creases continuous until another external event occurs. To
model this situation, we consider a multivariate shot noise
intensity process within Cox processes. So, this paper is
based on correlated default intensities and is emphasized
the impact of correlated jumps in intensities. We obtain
joint Laplace transforms of the integrated intensities that
provides us with the joint survival probability. It is under-
stood numerically for the functional behavior of the joint
survival probability with respect to the dependence param-
eters of the truncated invariant copula. To understand the
modeling motivation, we apply the joint survival probabil-
ity to pricing the basket default swap (BDS) rate. A BDS
provides one party (the protection buyer) with a kind of
insurance against the possibility of default in exchange for
fixed premium to another (the protection seller) for pro-
tection related to credit events on an underlying portfo-
lio of corporate bonds or other assets (reference credits)
subject to default. Particularly, we suppose that each refer-
ence credits has a default intensity process and there exist
jumps in the default intensity processes when an underly-
ing portfolio of corporate bonds or other assets subject to
default has simultaneous jumps. To make some simple cal-
culations on the BDS price, the underlying portfolio is as-
sumed to be a homogeneous group, which is equivalent to
saying (mathematically) exchangeable (refer to Definition 2
in Section 5). Our main focus is a study of the dependence
structure of the underlying portfolio.

The remainder of this paper is structured as follows.
In Section 2, we describe one of the popular copulas,
that is, the truncated invariant FGM copula. In Section 3,
we calculate the joint Laplace transforms of the shot
noise intensities using the FGM copula. In Section 4, we
numerically investigate the functional behavior of the joint
survival probability with respect to the dependence pa-
rameters of the FGM copula. In Section 5, we price the
BDS rate under an intensity-based model for a homo-
geneous portfolio. We present our concluding remarks
in Section 6.

2. Review of the truncated invariant FGM copula

In this section, we study a special class of n-
dimensional distributions that could be uniquely deter-
mined by 2-dimensional marginal distributions developed
by Sungur [16]. His idea is that 2-dimensional marginals
determine the 3-dimensional copula under the truncation
dependence invariance on the third variable. In this way,
n-dimensional copula can readily be produced by using 2-
dimensional one.

For each i=1,2,3, let the random variable X' have a
marginal distribution function denoted by F; (x'). The joint
distribution function and the related copula are denoted
by Fxlx2x3 (Xla XZ’ X3) and CX1X,2X3 (Exl (Xl)a FxZ (XZ)an3 (X3)),
respectively. Let T,; ={x':x'>a'} be the right-sided

marginal truncation region for X. Then, the joint
distribution function of Fyays(x!, %%, x3) can be
expressed as

Foyaxs (X1, x%,%3) = Cyixeys (B (x1), Fz (%), Fs (X3))

3
= P< N X™<xm)

m=1,m#i

X< xi}>FXi (xh).

Now, if thr(i) and thr(” represent truncation random vari-
ables over the truncated region T,;, with the joint distribu-

tion function F,ji,kq and marginal distribution functions
tr “tr

FX#,-) and FX[,:@, then we have

P(XJ <xi, Xk <xk X < dl)
P(Xi < ab)
B Cy (FX 0 (Xj ), Fx[t;m (Xk))
in (ai)
Fejyi®.a)  Fyi (xX¢.a)
in (ai)
c _(foxi (Fyj (Xj?-FXi(Ui)) Corxi (Fgk (x"?,in(a’)))
o Ei (@) ’ Fi(a)
in (af) ’

where C,; is the copula related to X! and x*® as a func-
tion of the right truncation point a'. Based on the above
observation, we have the following result.

Eyjoo g (X, x5) =
XJ(')XJ“)( S X5)

tr

Theorem 1. Let (X!, X2, X3) be a random vector with a cop-

ula Cy1yoy3(ul, u?, u), where u', u?, and u? are marginal

distributions. Then, CX[]-(,-)thO-) (ud, uk) (the dependence struc-
T T

ture of the random pair (X, X*) over the truncated region)
is dependent on a' if and only if Cy1y2ys (u', u?, u®) can be
represented as

ijxi (u], ui) kaxi (uk, ui) ui
ul ’ ul ’

CXIX2X3 (u1, u2, u3) = ijxk<
where i # j,j # kk #i e {1, 2, 3}.

Proof. For the proof of this theorem, please refer to Sun-
gur [16]. O

Next, we discuss the concept of a truncated invariant
copula based on Theorem 1. For the sake of simplicity, we
denote Cy, i # j € {1, 2, 3}, and C to represent two- and
three-dimensional copulas, respectively.

Definition 1. If a three-dimensional copula can be ex-
pressed as

1,3 2,3
caul 1. u) =C12(C13(u U ), Gz (u®, u )>u3

u3 u3
C Co(ul,u?) Gl ud)y
=23 0 , o u

Cou', u?) G2, ud)\ ,
= C13< 2 , 2 )U ,

then it is called a truncated invariant copula. If only one of
the above equations is satisfied, then it is called a partially
truncated invariant copula with respect to the truncation
variable.
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