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a b s t r a c t

The transformation of a nonlinear dynamical system into a standard form by using one of
its variables and its successive derivatives can be used to identify the relationships that
may exist between the parameters of the original system such as the subset of the param-
eter space over which the dynamics is left invariant. We show how the size of the attractor
or the time scale (the pseudo-period) can be varied without affecting the underlying
dynamics. This is demonstrated for the Rössler and the Lorenz systems. We also consider
the case when two Rössler systems are unidirectionally coupled and when a Lorenz system
is driven by a Rössler system. In both cases, the dynamics of the coupled system is affected.

� 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Coupling dynamical systems is a very popular approach
for understanding how synchronization and control can
occur in the natural world. Network of coupled dynamical
systems are ubiquitous throughout nature including bio-
logical systems (see [1–4] and references therein). It is
therefore essential to better understand how coupled non-
linear systems interact, that is, drive each other, and how
such interactions affect the collective dynamics. This is
particularly relevant for complex networks when selecting
for the terms of greatest influence on the collective dynam-
ics and, consequently, which parameters most efficiently
affect the network dynamics. This is dual to the observabil-
ity problem of complex networks [5,6].

In the context of global modeling dynamical systems
can be rewritten in a ‘‘standard form’’ [7] (now also called
a jerk form [8–12]), that is, by using one of the variables of

the original system and its Lie derivatives. When the
Ansatz library is used for rewriting a dynamical system
in a standard form [13,14], it is possible to identify sets
of parameter values or, equivalently, domains in the
parameter space, for which the dynamics is invariant; the
dynamics is thus left unchanged under a variation of well
chosen parameter values as shown for the Rössler system
when variable y and its successive Lie derivatives are used
[15] or for the Lorenz-like systems when variable x is used
[16].

In the present paper, our aim is to determine how many
independent parameters can be identified in the Rössler
and the Lorenz systems and how they can be affected by
the variable retained for the analysis. Moreover, in both
cases, we determine how it is possible to vary the
pseudo-period of the system by modifying a subset of the
system parameters, a consequence previously not consid-
ered [13].

We will then consider the case where two Rössler sys-
tems are coupled and the case where a Rössler system is
used for driving a Lorenz system without affecting the
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standard function when the driven system is still consid-
ered in a three-dimensional space. The number of indepen-
dent parameters of the resulting six-dimensional system is
investigated and it is shown how the algebraic structure of
the two systems can no longer be considered as
independent.

We show here the sets of connected parameters in the
Lorenz and the Rössler systems, respectively. We also
investigate how connections are modified in the case of
two systems unidirectionally coupled. Only parameters
that are connected in the individual uncoupled systems
can be further connected in the coupled system.
Furthermore, parameters that are not connected within
the individual systems remain independent in the coupled
system.

The paper is organized as follows. Section 2 starts with
some background on the interplay between the original
system and its standard form. The numbers of independent
parameters in the Rössler and in the Lorenz systems are
then extensively investigated. Section 3 is devoted to the
determination of the parameter to adjust for varying the
pseudo-period of these two systems. The case of two cou-
pled Rössler systems is discussed in Section 4 and the case
of a Lorenz system driven by a Rössler system is discussed
in Section 5. Section 6 gives some conclusions.

2. Lorenz and Rössler systems

2.1. General background

Consider a three-dimensional dynamical system of
ordinary differential equations (ODEs) in the form

_x ¼ f xðx; y; zÞ
_y ¼ f yðx; y; zÞ
_z ¼ f zðx; y; zÞ

ð1Þ

with

f iðx; y; zÞ ¼ ai;0 þ ai;1xþ ai;2yþ ai;3zþ ai;4x2 þ ai;5xyþ ai;6xz

þ ai;7y2 þ ai;8yzþ ai;9z2

where i 2 fx; y; zg and monomials are of a polynomial form
up to the second-order. It was shown in [7,13,14] that
when a small subset of coefficients ai;j is nonzero, system
(1) can be transformed into a standard form whose struc-
ture is

_X1 ¼ X2

_X2 ¼ X3

_X3 ¼ FsðX1;X2;X3Þ
ð2Þ

where the first variable X1 ¼ hðx; y; zÞ ¼ s is some function
of the state variables, h being the so-called measurement
function. The standard function Fs has a multivariate poly-
nomial form depending on some parameters ak. Map
U : R3ðx; y; zÞ ! R3ðX1;X2;X3Þ between the original state
space and the differential embedding allows one to obtain
the standard form (2) from the original system (1). There is
an associated map / : Rpðai;jÞ ! RqðakÞ that expresses

parameters ak’s of the standard function Fs in terms of
parameters ai;j from the original system.

Lainscsek [15,16] showed that there are algebraically
inequivalent dynamical systems in the form (1) which
can be transformed to the same standard form (2): it is
therefore possible to define a class of equivalent dynamical
systems in the sense that from the time series point of
view they have an identical variable. Moreover, there is a
subspace of the parameter space in which the dynamics
is unchanged: therefore, there exists an infinite number
of global models corresponding to a single time series.

Parameters involved in relationships defining parame-
ter subspaces in which dynamics remains unchanged are
said to be connected. This property is important for global
modeling techniques [17] since there is an infinite number
of dynamical systems of the form (1) that share the same
time series; the global model which can be obtained from
a given time series is thus not unique. Map / further
reveals the connections between parameters from the orig-
inal form (1) and those from the standard form (2), and the
number of non-connected and independent parameters in
the original system. Since not all parameters of the original
system (1) are independent, it was shown [15] that its
pseudo-period can be varied by using specific relationships
between some of these parameters.

2.2. Lorenz equations

The Lorenz equations [18]

_xL ¼ a1;1 xL þ a1;2 yL

_yL ¼ a2;1 xL þ a2;2 yL þ a2;6 xL zL

_zL ¼ a3;3 zL þ a3;5 xL yL

ð3Þ

can be transformed into a standard form (2) whose func-
tion Fs is more or less complicated depending on the ‘‘mea-
sured’’ variable [7]. With the choice X1 ¼ hðx; y; zÞ ¼ xL the
standard function

FxL ¼ a1 X1 þ a2 X3
1 þ a3 X2 þ a4 X2

1 X2 þ a5
X2

2

X1
þ a6 Z

þ a7
X2 X3

X1
ð4Þ

is made of Nd ¼ 7 terms of which two are rational. The
standard function FxL has therefore two singular terms
(corresponding to parameters a5 and a7) if X1 ¼ 0.
Parameters ak of this standard function are related to
parameters ai;j of the Lorenz system (3) as follows

/xL
¼

a1 ¼ ða1;1 a2;2 � a1;2 a2;1Þa3;3

a2 ¼ �a1;1 a2;6 a3;5

a3 ¼ �ða1;1 þ a2;2Þa3;3

a4 ¼ a2;6 a3;5

a5 ¼ �a1;1 � a2;2

a6 ¼ a1;1 þ a2;2 þ a3;3

a7 ¼ 1:

�����������������

ð5Þ

By introducing the scaling transformation [16]

ai;j ! ~ai;j ¼ kpði;jÞai;j ð6Þ
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