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a b s t r a c t

In studying a dynamical system, we know that there frequently exist some kinds of distur-
bance or false phenomenon, namely that some chaotic sets are included in the Borel sets
with absolute measure zero. From the viewpoint of ergodic theory, a Borel set with abso-
lute measure zero is negligible. In order to remove these disturbance and false phenome-
non, reference Zhou (1993) introduced a concept of measure center. This paper is
concerned with distributional chaos occurring on measure center. We draw three conclu-
sions: (i) the one-sided shift has an uncountable distributionally scrambled set which is
included in the set of all weakly almost periodic points but not in the set of almost periodic
points; (ii) we give a sufficient condition for the compact dynamic system ðX; f Þ to exhibit
distributional chaos on measure center via semiconjugacy; (iii) the one-sided shift on the
measure center is distributionally chaotic in sequence.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Since Li and Yorke first gave the definition of chaos by
using strict mathematical language in 1975 [2], the study
of chaos plays an important role in modern science nowa-
days. The influence has covered all scientific disciplines,
not only natural sciences, but also several social science,
such as economics, management science, and philosophy.
The theory of chaos shows that a simple definite system
can produce complicated features. As scientists’ task is to
clarify the essence of complexity, the chaotic systems with
irregularly complex dynamical behaviors naturally become
one common subject. However, depending on different
perspective and understanding, the various concepts of
chaos have been given, such as Devaney chaos [3], P-chaos
[4], Kato’s chaos [5], Wiggins chaos [6], Matelli chaos [7],
distributional chaos [8], and x-chaos [9], etc. Among them,

distributional chaos has some actual significance. And
more and more researchers give their attention to the
properties of distributional chaos. Each definition tries to
describe some kind of unpredictability of the system.
Therefore, there exists much ambiguity in academic inter-
course of different fields. At the same time, this situation
cannot be tolerated in mathematical field which is based
on strict mathematical definitions. Therefore, it is very sig-
nificant to further explore the essence of chaos, unify the
definition of chaos, and discuss the inner relations between
the different definitions of chaos. Hence, in order to estab-
lish a satisfactory definitional and terminological frame-
work for chaotic system, we need to reveal the inner link
between the various concepts which characterize the com-
plexity. And topological entropy and ergodic measure are
the most important ones in these concepts. From the view-
point of measure theory, a Borel set with absolute measure
zero is negligible, and any phenomenon occurring on it is
unimportant or false. In order to obtain a subsystem which
not only removes all the disturbances but also preserves
the very important dynamical behavior, Zhou [1] intro-
duced the concept of measure center, and pointed out that
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all of important dynamical behaviors of a compact system
occur on its measure center. And he also showed the fol-
lowing level of Li–Yorke chaos.

(i) f : X ! X is chaotic but f jXðf Þ : Xðf Þ ! Xðf Þ is not;
(ii) f jXðf Þ : Xðf Þ ! Xðf Þ is chaotic but f jMðf Þ : Mðf Þ ! Mðf Þ

is not;
(iii) f jMðf Þ : Mðf Þ ! Mðf Þ is chaotic;

where Xðf Þ denotes non-wandering set of f, and Mðf Þ
denotes the measure center of f. He also proved that
Mðf Þ ¼Wðf Þ, where Wðf Þ denotes the weakly almost peri-
odic points set of f, namely that the set of weakly almost
periodic points totally determines the structure of the
measure center. In conclusion, it is very meaningful to
research on the set of the weakly almost periodic points
and the measure center. Author obtained some results
which discussed some problems on the set of weakly
almost periodic points [10,11]. In this paper, we further
investigate the distributional chaos occurring on the mea-
sure center.

Throughout this paper, X denotes a compact metric
space with metric d, and let f : X ! X be a continuous
map. We denote the set of periodic points, almost periodic
points, weakly almost periodic points, recurrent points of f
by Pðf Þ; Aðf Þ, Wðf Þ; Rðf Þ. And let x 2 X; y 2 X is said to be
an x� limit point of x, if the sequence f ðxÞ; f 2ðxÞ; . . . has a
subsequence converging to y. The set of x� limit of x is
denoted by xðx; f Þ.

In this paper, we firstly structure the set of weakly
almost periodic points, and prove that the one-sided shift
ðRN;rÞ has an uncountable distributionally scrambled set
S �WðrÞ � AðrÞ. Then, we give a sufficient condition for
the compact dynamic system ðX; f Þ to exhibit distribu-
tional chaos on Mðf Þ via semiconjugacy. At last, we prove
that the subshift rjMðf Þ is distributionally chaotic in
sequence.

The main results are stated as follows.

Theorem 1. Let RN be a one-sided symbolic space, and r be
the shift on RN, then r has an uncountable distributionally
scrambled set S �WðrÞ � AðrÞ such that xðx;rÞ ¼ RN for all
x 2 S.

Corollary 1. Let RN be a one-sided symbolic space, and r be
the shift on RN. ðX; f Þ and ðRN;rÞ are topological dynamic sys-
tems. Let h : X ! RN be a semiconjugacy between f and r. If
there exists some point y0 2 RN such that h�1ðy0Þ is a single-
ton, then there exists an uncountable distributionally scram-
bled set D � Mðf Þ of f.

Corollary 2. Let RN be a one-sided symbolic space, and r
be the shift on RN; ðRN;rÞ is a topological dynamic system,
then the subshift rjMðrÞ is distributionally chaotic in a
sequence.

2. Preliminaries

In this section, some basic concepts and lemmas are
introduced. This section is divided into two subsection.

2.1. Some basic concepts

Firstly, we introduce the concept of the measure center.
In order to introduce the definition of measure center, we
give the following terminologies. Denote the r-algebra of
Borel subset of X by BðXÞ. We shall denote the set of all
probability measure with respect to BðXÞ by MðXÞ. The
set of all elements in MðXÞ which are invariant under f is
denoted by MðX; f Þ. We have MðXÞ � MðX; f Þ – £.

Let m 2 MðX; f Þ and let X0 � X. X0 is called an
m-measure-1 Borel set for f if X0 2 BðXÞ and mðX0Þ ¼ 1.
X0 is called an m-measure-1 set for f if X0 contains an
m-measure-1 Borel set for f. X0 is called an absolute
measure-1 Borel set for f if X0 2 BðXÞ and mðX0Þ ¼ 1 for
all m 2 MðX; f Þ. X0 is called an absolute measure-1 set for
f if it is an m-measure-1 set for f for all m 2 MðX; f Þ.

Definition 1. A subset of X is called the measure center of f if
it is the least f-invariant compact absolute measure-1 set for f.

Denote the measure center of f by Mðf Þ.
For determining the structure of measure center, zhou

put forward the definition of the weakly almost periodic
point.

Definition 2. A point x 2 X is called a weakly almost
periodic point of f if for any e > 0 there is an integer Ne > 0
such that for any n > 0

] r : dðx; f rðxÞÞ < e;0 6 r < nNe
� �� �

P n;

where ]ð�Þ denotes the cardinal number of a set.
Denote the set of all weakly almost periodic points of f

by Wðf Þ.

Definition 3. A point x 2 X is called an almost periodic
point of f if for any e > 0, there is an integer N 2 N such
that for any integer q P 0, there is an integer r with
q 6 r < qþ N such that dðf rðxÞ; xÞ < e.

Denote the set of all almost periodic points of f by Aðf Þ.
It is not difficult to see that Pðf Þ � Aðf Þ �Wðf Þ � Rðf Þ;

f ðWðf ÞÞ �Wðf Þ, and Mðf Þ ¼Wðf Þ (see the Ref. [1]).
Distributional chaos, which was introduced by Schwe-

izer and Smítal, is based on the asymptotic distance distri-
butions of two trajectories [8].

Let

FxyðtÞ ¼ lim inf
n�!1

1
n

Xn

i¼1

v½0;tÞðdðf
iðxÞ; f iðyÞÞÞ;

F�xyðtÞ ¼ lim sup
n�!1

1
n

Xn

i¼1

v½0;tÞðdðf
iðxÞ; f iðyÞÞÞ;

where vAðyÞ is 1 if y 2 A, and 0 otherwise. Obviously, Fxy

and F�xy are both nondecreasing functions. If for t 6 0 we
define FxyðtÞ ¼ F�xyðtÞ ¼ 0, then Fxy and F�xy are probability
distributional functions.

Definition 4. Let D � X; 8x; y 2 D; x – y, if we have

ð1Þ 9d > 0; FxyðdÞ ¼ 0;

ð2Þ 8t > 0; F�xyðtÞ ¼ 1;
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