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a b s t r a c t

Urban population density always follows the exponential distribution and can be described
with Clark’s model. Because of this, the spatial distribution of urban population used to be
regarded as non-fractal pattern. However, Clark’s model differs from the exponential func-
tion in mathematics because that urban population is distributed on the fractal support of
landform and land-use form. By using mathematical transform and empirical evidence, we
argue that there are self-affine scaling relations and local power laws behind the exponen-
tial distribution of urban density. The scale parameter of Clark’s model indicating the
characteristic radius of cities is not a real constant, but depends on the urban field we
defined. So the exponential model suggests local fractal structure with two kinds of fractal
parameters. The parameters can be used to characterize urban space filling, spatial corre-
lation, self-affine properties, and self-organized evolution. The case study of the city of
Hangzhou, China, is employed to verify the theoretical inference. Based on the empirical
analysis, a three-ring model of cities is presented and a city is conceptually divided into
three layers from core to periphery. The scaling region and non-scaling region appear alter-
nately in the city. This model may be helpful for future urban studies and city planning.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

The mathematical models on urban density are special
spatial correlation functions, which can be used to analyze
spatial autocorrelation and spatio-temporal evolution of
cities. Urban density distributions fall into two classes –
the scale-free distribution without characteristic length,
and the scale-dependent distribution with characteristic
length. The former indicates the power-law distribution,
while the latter mainly include the exponential distribu-
tion and the normal distribution. The power-law distribu-
tion usually suggests fractal structure, and the fractal
dimension can be estimated with the number-radius scal-
ing or box-counting method [4,9,19,33]. The common
exponential distribution and normal distribution are not
of fractal pattern, suggesting no fractional dimension. In
practice, three kinds of distributions are always modeled

by three functions: power function, exponential function,
and normal function (Gaussian function).

Since Clark [12] employed the negative exponential
function to describe the population density, more than ele-
ven functions have been introduced to characterize urban
density [4,5,7,28,45]. Among all these density models,
three ones came to front successively. The first is the neg-
ative exponential function known as Clark’s model, the
second is the Gaussian function known as Sherratt–Tan-
ner’s model [34,37], and the third is the inverse power
function known as Smeed’s model [35]. The Clark model
is well-known for geographers, representing the most
influential form for urban density. The Sherratt–Tanner
model has the advantage of Clark’s model because of its
simpler expression for mathematical analysis [13]. How-
ever, in empirical analysis of urban form, the negative
exponential function gains an evident advantage over the
Gaussian function. In terms of fractal concepts, Batty and
Kim [3] argued forcibly that the use of Clark’s model is
fundamentally flawed due to its absence of a parameter
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indicating space-filling competence of systems. They
suggested that the most appropriate form for urban
population density models is the inverse power function
associated with fractal distribution rather than the nega-
tive exponential function indicative of the distribution
with characteristic scale.

This paper will present a viewpoint differing to some ex-
tent from Batty and Kim [3]. We argue for the suggestion
that the inverse power function is very significant for us to
study urban density, but we argue against the opinion that
Clark’s model does not imply fractal structure and space
filling. The inverse power function can be used to describe
urban density of transport network, while the negative
exponential function is suitable for characterizing urban
population density in many cases. Therefore, the Clark mod-
el cannot always give place to the Smeed model. This paper
will reinterpret Clark’s model with the ideas from fractals. I
will argue that the Clark model is not a simple exponential
function, but the one indicating special exponential distri-
bution based on fractal supports and denoting fractal form.
Also this paper will reinterpret the claim of Parr [29,30], who
suggested that the negative exponential function is more
appropriate for describing population density in the urban
area itself, while the inverse power function is more
appropriate to the urban fringe and hinterland (see also [4]).

The innovation of the paper lies in following aspects.
First, it will show how to understanding the self-affine
fractal feature behind the exponential distribution by
means of scaling analysis. Second, it will illuminate how
to recognize the dimension of the urban density distribu-
tions with superficial characteristic scales. This is helpful
for us to comprehend the nature of urban space. Third,
based on the special exponential distribution with fractal
properties, a three-ring city model is proposed for geogra-
phers and planners to grasp the spatial structure of cities.
The three urban density models mentioned above oppose
each other but also complement one another. This paper
is devoted to researching into the exponential distribution,
and at the same time, this work also discusses the normal
distribution and power-law distribution for reference. The
exponential model and the normal one can be formally
unified in mathematical expression.

2. The dimension of the urban distribution with scale

2.1. Basic postulates, concepts and analytical methods

For simplicity, we only consider the monocentric cities
with single core of growth. In many cases, a polycentric
city can be treated as a monocentric one by changing
coarse-graining level. Two postulates are put forward as
follows. First, the landform is a fractal body, which influ-
ences urban land use and population distribution. Second,
the urban land use form is a fractal pattern, and there exists
an interaction between population distribution and land
use structure. Both the landform and land use form com-
pose the physical infrastructure of population distribution.
The human aggregation is determined by the physical
infrastructure and in turn reacts on it. The physical infra-
structure can be regarded as a fractal support, on which a
city grows and evolves.

If urban density satisfies the exponential distribution
or normal distribution, it possesses a parameter indicat-
ing characteristic length. For example, in Clark’s model,
the relative rate at which the effect of distance attenu-
ates used to be looked upon as this kind of parameter.
The reciprocal of the rate parameter is a scale parameter
indicating the characteristic radius (r0) of urban popula-
tion distribution [36]. It suggests some mean distance
of human activities. In theory, the urban form which is
similar to the ‘‘fractal dust’’ in appearance has no distinct
boundary [39,40]. We can identify an urban boundary by
a fractal approach [38], or the city clustering algorithm
(CCA) [31]. The boundary forms an urban envelope [24].
The region within the envelope can be thought of as
the area of a city (A). The radius of the circle with the
same area as the urban area is termed boundary radius
(Rb = (A/p)1/2), representing the distance from a city cen-
ter to its boundary.

If the characteristic radius of a city is a real constant
independent of the city size considered, Clark’s model is
the conventional exponential function and has no singular-
ity. A speculation is that the characteristic radius varies
with the city size defined, and there is a scaling relation
under dilation between the characteristic radius (r0) and
boundary radius (Rb). If so, Clark’s model should be re-
garded as a special exponential function indicating self-af-
fine fractal form, which will be validated in next section.
The normal model can be handled in the same way. One
of the keystones of this study is to illustrate this kind of
scaling relation with observational evidence. The main
analytical methods employed by this article include math-
ematical modeling and empirical analysis. The mathemat-
ical methods involve scaling analysis, spatial correlation
analysis, and spectral analysis, which can be called ‘‘3S
analysis’’ of cities. The 3S analysis is very effective to deal
with the complicated mathematical models through sim-
ple ways.

As prearrangement, three fractal concepts should be
made clear here. The first is real fractal (R-fractal), which
needs no special explanation (see [4,18,27]. The second is
pseudofractal (P-fractal), which suggests the fractional
dimension coming from the non-fractal systems. This can
be regarded as ‘‘fractal rabbits’’ [22]. The pseudofractals
are always generated by the errors resulting from mathe-
matical transformation and approximate treatment. The
third is quasifractal (Q-fractal), which refers to such a case:
intuitionally there is no fractal dimension, but empirically
come out a fractional dimension that cannot be strictly dis-
tinguished from the real fractal dimension in practice. We
have several approaches to demonstrating that the dimen-
sion of the common exponential distribution and normal
distribution can be taken as d = 2. However, for the special
exponential distribution and normal distribution, there ex-
ists a local fractal dimension.

2.2. Exponential distribution and self-affine fractal form

The special exponential model suggesting latent fractal
nature can be derived from Clark’s law. For the population
density q(r) at distance r from the center of the city (r = 0),
the exponential function can be expressed as

Y. Chen, J. Feng / Chaos, Solitons & Fractals 45 (2012) 1404–1416 1405



Download English Version:

https://daneshyari.com/en/article/1891742

Download Persian Version:

https://daneshyari.com/article/1891742

Daneshyari.com

https://daneshyari.com/en/article/1891742
https://daneshyari.com/article/1891742
https://daneshyari.com

