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a b s t r a c t

Under the effective particle approximation, we study the temporal ratchet effect for chaotic
transport of a matter-wave soliton consisting of an attractive Bose–Einstein condensate
held in a quasi-one-dimensional symmetric optical superlattice with biperiodic driving.
It is known that chaos can substitute for disorder in Anderson’s scenario [Wimberger S,
Krug A, Buchleitner A. Phys Rev Lett 2002;89:263601] and only a higher level of disorder
can induce Anderson localization for some special systems [Schwartz T, Bartal G, Fishman
S, Segev M. Nature 2007;46:52], and a matter-wave soliton can transit to chaos with high
or low probability in a high- or low-chaoticity region [Zhu Q, Hai W, Rong S. Phys Rev E
2009;80:016203]. Here we demonstrate that varying the driving phase to break the time
reversal symmetry of the system can increase the size of the high-chaoticity region for
low- and moderate-frequency regions. Consequently, the parameter region of the exponen-
tial spatial localization increases to the same size, and the low-chaoticity and delocaliza-
tion region, which includes subregions of the ratchet effect and its inverse effect,
correspondingly decreases. The positive dependence of the localization on the driving fre-
quency is also revealed. The results indicate that a high-chaoticity region could replace
higher disorder and assists in Anderson localization. From the results we suggest a method
for controlling directed motion of a matter-wave soliton by adjusting the driving frequency
and amplitude to strengthen or suppress, or even reverse, the temporal ratchet effect.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

In recent decades, directed transport based on the
ratchet effect has attracted much attention because of
extensive applications in physics, chemistry, and biology
[1–3]. The ratchet effect comprises spatial and temporal
versions. By the spatial ratchet effect we mean that a sym-
metrically driven particle experiences drift along the easy
spatial ratchet direction in a spatially asymmetric saw-
tooth potential. Similarly, the temporal ratchet effect could
result in drift along the easy temporal ratchet direction for
a spatially symmetric potential and a temporally asym-
metric driving [4–8]. The spatiotemporal ratchet effect

has been applied to manipulate the quantum tunneling
for a single particle in a double well [9,10] and to control
the transport properties for different systems [4,11,12],
both experimentally and theoretically. However, under
some special conditions, an inverse ratchet effect was also
observed whereby particles move preferentially along the
direction in which the potential barriers are steeper
[13,14]. This inverse effect can be useful in different fields,
such as the design of artificial ratchet-based devices capa-
ble of separating DNA molecules [15]. For different sys-
tems, current reversals may be caused by different
factors, including a change in the particle number per
ratchet period between even and odd [13], dissipation-in-
duced symmetry breaking [7], thermal noise [16], and
chaos [17].
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Transport phenomena are very important for many
problems in physics. One of the most interesting transport
phenomena is Anderson localization, which predicts that
an electron may become immobile when it is placed in a
disordered crystal [18]. As a direct signature of Anderson
localization, the exponentially localized wavefunction of
a Bose–Einstein condensate (BEC) was observed experi-
mentally in the presence of controlled disorder created
by a laser speckle [19] or quasi-periodic optical lattices
[20]. The level of disorder may affect the degree of localiza-
tion for some special systems. This has been demonstrated
in a two-dimensional photonic lattice experiment in which
ballistic transport becomes diffusive in the presence of dis-
order and Anderson localization occurs at a higher level of
disorder [21]. Here we are interested in the dependence of
chaoticity on the temporal ratchet effect and Anderson
localization.

In the mean field theory, BEC is described by the Gross–
Pitaevskii equation (GPE). In the absence of an external po-
tential, the GPE describes the well-known bright soliton
solution for attractive atomic interactions. Clearly, in the
first-order perturbation approximation, a weak external
potential may not affect the existence of a bright soliton
such that the matter-wave soliton can be considered as
an effective classical particle if it is narrow compared to
the lattice period [11,22–26]. Using the effective particle
approximation (EPA), Poletti et al. studied soliton transport
for a BEC held in a weak flashing ratchet potential and
found that the average velocity of the soliton depends on
its effective mass [11]. According to the degree of symme-
try breaking (DSB) mechanism [27,28], Rietmann et al. pro-
posed an analytical estimate for the average velocity [22].
In the presence of periodic driving, the corresponding
effective Hamiltonian is associated with a classically cha-
otic system [23–26,29]. Because chaos sensitively depends
on the initial conditions [30] and the initial conditions can-
not be set accurately in a real experiment, the average
velocity must be used over the initial conditions and times
for studying chaotic transport in a deterministic rocking
ratchet [31]. It is known that chaos can substitute for dis-
order in Anderson’s scenario [32,33] and only a higher le-
vel of disorder can induce Anderson localization for some
special systems [21]. In a previous study we used the Mel-
nikov function method to investigate the chaotic region of
soliton motion [34]. It has been shown that for a stochastic
initial setup a matter-wave soliton can transit to chaos
with high or low probability in a high- or low-chaoticity
region. In investigations of Anderson localization, whether
high chaoticity can replace higher disorder remains an
interesting question.

Here we consider a matter-wave soliton consisting of an
attractive BEC held in a quasi-1D symmetric optical super-
lattice without disorder, and use the EPA method and bipe-
riodic driving to study the temporal ratchet effect in
chaotic transport. First, we analytically and numerically
demonstrate that varying the driving phase to break the
time reversal symmetry of the system can increase the size
of the high-chaoticity region for low- and moderate-fre-
quency regions. Furthermore, we study chaotic transport
of the soliton by numerically calculating the mean square
displacement of the solitonic center of mass and the aver-

age velocity, defined as the current [31]. We find that an
asymmetric temporal ratchet leads to enlarging the same
size of the parameter region for dynamic localization
[35]. Consequently, the delocalization region, which in-
cludes subregions of the ratchet effect and its reversal re-
lated to low chaoticity, correspondingly decreases.
Numerical results show that the size of the localization re-
gion can be further increased by increasing the driving fre-
quency, and the temporal ratchet effect can be enhanced or
suppressed, or even reversed, by adjusting the driving
parameters. We also show that dynamic localization with
zero mean square displacement implies exponential spa-
tial localization, which is directly related to Anderson
localization [19,20]. We demonstrate that high chaoticity
can substitute for higher disorder in Anderson localization,
and suggest a useful method for controlling the directed
motion of a matter-wave soliton by applying the ratchet
effect.

2. Asymmetry increases the size of the high-chaoticity
region

The system considered here is a bright matter-wave sol-
iton consisting of an attractive BEC held in a quasi-1D sym-
metric optical superlattice with biperiodic driving. The
soliton dynamics is governed by the 1D GPE [23–25]

iwt þ wxx þ 2wjwj2 ¼ Vw; ð1Þ

where the external potential is

V ¼ V0½a cos xþ ð1� aÞ cosð2xÞ� þ f ðtÞx;
f ðtÞ ¼ f0½g cosðxtÞ þ ð1� gÞ cosð2xt þ /ÞÞ�

ð2Þ

without disorder. The parameters V0a and V0(1 � a) are the
weak potential depth of the primary and secondary lat-
tices, respectively. The driven linear potential is f(t)x,
where f(t) is the weak driving force of small intensity f0.
g and / denote the relative amplitude and phase differ-
ence, respectively, of the double cosine driving. A similar
linear potential has been applied in the ultracold atomic
system [36] and the nonlinear Schrodinger equation [37].
To simplify, we adopted dimensionless variables and
parameters [11]: energy, length, frequency, and time are
measured in units of Er = �h2k2/(2m), k�1, x0 = �hk2/(2m)
and x�1

0 , respectively, where k is the wave vector of the
optical lattice and m is the atomic mass. Thus, the normal-
ized wave function in Eq. (1) can be written as [11]
w ¼ w1D

ffiffiffiffiffiffiffi
g1D
p

, where w1D is the original 1D wave function,
g1D = 2kasxr/x0 is the interatomic interaction strength, as

is the s-wave scattering length, and xr is the radial trap
frequency. The number of atoms in the system is given
by N0 ¼ N=g1D ¼

R
jwj2dx=g1D. For a given atomic number

N0, N is adjusted by g1D. The parameter a is fixed and the
value g 2 [0,1] is adopted throughout the paper.

Obviously, the time-inversion symmetry is broken if
/ – np for n = 0,1,2, . . . , which can allow directed transport
of matter-wave solitons [38]. Taking the parameters
x = 2.1 and g = 2/3, the asymmetric relative driving force
f(t)/f0 is plotted in Fig. 1 for (a) / = p/2 and (b) / = �p/2.
It is clear the easy ratchet directions are (a) to the left
and (b) to the right. The temporal ratchet effect leads to
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