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Abstract

In this paper, the notion of virtual stabilizability for dynamical systems is introduced and the virtual stabilizability of
uncertain Duffing–Holmes control systems is investigated. Based on the time-domain approach with differential
inequality, a tracking control is proposed such that the states of uncertain Duffing–Holmes control system track the
desired trajectories with any pre-specified exponential decay rate and convergence radius. Moreover, we present an
algorithm to find such a tracking control. Finally, a numerical example is provided to illustrate the use of the main
results.
� 2007 Elsevier Ltd. All rights reserved.

1. Introduction

In recent years, various chaotic systems have been widely investigated; see, for example [1–16] and the references
therein. This is due to theoretical interests as well as to a powerful tool for practical system analysis and control design.
Frequently, chaos in many systems is a source of instability and a source of the generation of oscillation. In the past
decades, various methodologies in robust control of chaotic system have been proposed, such as variable structure con-
trol approach, adaptive sliding mode control approach, adaptive control approach, backstepping control approach,
H1 control approach, and others.

In this paper, the concept of virtual stabilizability for dynamical systems is firstly introduced and the virtual sta-
bilizability of uncertain Duffing–Holmes control systems is investigated. Using the time-domain approach with dif-
ferential inequality, a tracking control is proposed such that the states of uncertain Duffing–Holmes control system
track the desired trajectories with any pre-specified exponential decay rate and convergence radius. Meanwhile, we
present an algorithm to find such a tracking control. A numerical example is also provided to illustrate the use of
the main results.

This paper is organized as follows. The problem formulation and main result are presented in Section 2. A numerical
example is given in Section 3 to illustrate the main result. Finally, conclusion is made in Section 4.
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2. Problem formulation and main result

Nomenclature

Rn the n-dimensional real space
jaj the modulus of a complex number a

I the unit matrix
AT the transport of the matrix A

kxk the Euclidean norm of the vector x 2 Rn

kmin(A) the minimum eigenvalue of the matrix A with real eigenvalues
r(A) the spectrum of the matrix A

P > 0 the matrix P is a symmetric positive definite matrix
^ means ‘‘and’’

Before presenting the problem formulation, let us introduce a lemma which will be used in the proof of the main
theorem.

Lemma 1. If a continuously differentiable real function s(t) satisfies the inequality

_sðtÞ 6 a� 2asðtÞ 8t P 0;

where a > 0 and a > 0, then

sðtÞ 6 sð0Þ � a
2a

h i
� e�2at þ a

2a
8t P 0:

Proof. It is easy to deduce that

e2at � _sðtÞ þ e2at � 2asðtÞ ¼ d

dt
½e2at � sðtÞ� 6 e2at � a 8t P 0:

It follows thatZ t

0

d

dt
½e2at � sðtÞ�dt ¼ e2at � sðtÞ � sð0Þ 6

Z t

0

e2at � adt ¼ a
2a
ðe2at � 1Þ 8t P 0:

Consequently, we have

sðtÞ 6 sð0Þ � a
2a

h i
� e�2at þ a

2a
8t P 0:

This completes the proof. h

In this paper, we consider the following uncertain Duffing–Holmes control systems with uncertain input nonlinear-
ities described as

€xðtÞ ¼ �p1x� p2 _x� x3 þ p3 cosðwtÞ þ Df ðx; _xÞ þ D/ðu; x; _xÞ; t P 0; ð1aÞ
xð0Þ _xð0Þ½ � ¼ x01 x02½ �; ð1bÞ

where x 2 R, u 2 R is the input, Df ðx; _xÞ represents the plant uncertainty, and D/ðu; x; _xÞ represents the uncertain input
nonlinearity. For the existence of the solutions of (1), we assume that the unknown terms Df ðx; _xÞ and D/ðu; x; _xÞ are all
continuous functions. It is well known that the system (1) without any uncertainties (i.e., Df ðx; _xÞ ¼ D/ðu; x; _xÞ ¼ 0Þ
displays chaotic behavior for certain values of the parameters [10]. Letting x1 = x and x2 ¼ _x, the corresponding
state-space equation of the system (1) is

_x1 ¼ x2; ð2aÞ
_x2 ¼ �p1x1 � p2x2 � x3

1 þ p3 cosðwtÞ þ Df ðx1; x2Þ þ D/ðu; x1; x2Þ 8t P 0: ð2bÞ

The objective of this paper is to search a tracking control law such that the states x1 and x2 of the system (2) track,
respectively, the desired trajectories xd and _xd . For brevity, let us define the error vector

eðtÞ :¼ ½ e1ðtÞ e2ðtÞ �T :¼ ½ x1ðtÞ � xdðtÞ x2ðtÞ � _xdðtÞ �T: ð3Þ

Throughout this paper, the following assumption is made:
(A1) There exist continuous functions f(x1,x2) P 0, r1(x1,x2) P 0, and r2(x1,x2) > 0, such that, for all arguments
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