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Abstract

An extremely simple and elementary but rigorous derivation of exact solutions of partial differential equations in
different dimensions with variable coefficients is given using the variational iteration method. The efficiency of the con-
sidered method is illustrated by some examples. The results show that the proposed iteration technique, without line-
arization or small perturbation, is very effective and convenient.
� 2007 Elsevier Ltd. All rights reserved.

1. Introduction

A physically meaningful mathematical derivation of exact solutions of partial differential equations in different
dimensions with variable coefficients seemed to be something which should come at the end of physical understanding
of almost everything. This plausible attitude may have contributed to the fact that until very recently no a universal
approach existed, thus the study of numerical methods for the solutions of various partial differential equations (PDEs)
has enjoyed an intense period of activity over the last 40 years from both theoretical and practical points of view.
Improvements in numerical techniques, together with the rapid advance in computer technology, have meant that many
of the PDEs arising in engineering and scientific applications, which were previously intractable, can now be routinely
solved [1]. The Adomian decomposition method, which was developed by Adomian [2], depends only on the initial con-
ditions and results in a solution in series which converges to the exact solution of the problem. In recent years, other
ansatz methods have been developed, such as the exp-function method [3], variational approaches [4,5], the tanh
method [6–8], extended tanh function method [9,10], the modified extended tanh function method [11,12], the first inte-
gral method [13–17], and others [18]. Ansatz methods cannot applied to solve the partial differential equations in dif-
ferent dimensions with variable coefficients in x, y, and z, also the variational iteration method based on the initial
conditions, but the ansatz does not depend on the initial conditions.
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The variational iteration method (VIM) [18–22] gives rapid convergent successive approximations of the exact solu-
tion if such a solution exists without any restrictive assumption or transformation that may change the physical behav-
ior of the problem. The VIM gives several successive approximations through an iteration formulation of a correction
functional. Moreover, the VIM reduces the size of calculation, while the tedious calculation is required for Adomian
polynomials; hence the iteration is direct and straightforward.

In this paper, we use the VIM to find exact solutions of the PDEs in one, two and three dimensions with var-
iable coefficients which will be useful in numerical studies. We hope that we can simplify the derivation procedure
and reduce the mathematics to a bare minimum which as the reader will see, does not exceed a few line of elemen-
tary arithmetic.

2. The variational iteration method [18–22]

To illustrate the basic idea of the VIM we consider the following general PDE:

Ltuþ Lxuþ Lyuþ Lzuþ Nu ¼ gðx; y; z; tÞ: ð1Þ

where Lt, Lx, Ly and Lz are linear operators of t, x, y, and z, respectively, and N is a nonlinear operator. According to
the VIM, we can express the following correction functional in t-, x-, y- and z-directions, respectively, as follows:

unþ1ðx; y; z; tÞ ¼ unðx; y; z; tÞ þ
Z t

0

k1fLsun þ ðLx þ Ly þ Lz þ NÞ~un � ggds; ð2aÞ

unþ1ðx; y; z; tÞ ¼ unðx; y; z; tÞ þ
Z x

0

k2fLsun þ ðLt þ Ly þ Lz þ NÞ~un � ggds; ð2bÞ

unþ1ðx; y; z; tÞ ¼ unðx; y; z; tÞ þ
Z y

0

k3fLsun þ ðLx þ Lt þ Lz þ NÞ~un � ggds; ð2cÞ

unþ1ðx; y; z; tÞ ¼ unðx; y; z; tÞ þ
Z z

0

k4fLsun þ ðLx þ Ly þ Lt þ NÞ~un � ggds: ð2dÞ

where k1, k2, k3 and k4 are general Lagrange multipliers [18], which can be identified optimally via the variational
theory [5,18], and ~un is a restricted variation which means d~un ¼ 0. By this method, we determine first the La-
grange multipliers ki (i = 1,2,3,4) which will be identified optimally. The successive approximations un+1, n P 0,
of the solution u will be readily obtained by suitable choice of trial function u0. Consequently, the solution is given
as

uðx; y; z; tÞ ¼ lim
n!1

unðx; y; z; tÞ: ð3Þ

Applications of the VIM to various nonlinear problems can be found in details in Refs. [23–33]. In this paper, we will
apply the VIM to the following problems to illustrate the strength of the method.

2.1. Parabolic-like equations

In this section, we consider the parabolic like equation in three dimensions which can be written in the form:

ut þ f1ðx; y; zÞuxx þ f2ðx; y; zÞuyy þ f3ðx; y; zÞuzz ¼ 0; ð4Þ

with the initial condition

uðx; y; z; 0Þ ¼ f4ðx; y; zÞ: ð5Þ

According to the VIM, we construct a correction functional for Eq. (4) in the form

unþ1ðx; y; z; tÞ ¼ unðx; y; z; tÞ þ
Z t

0

kfðunÞs þ f1ðx; y; zÞð~unÞxx þ f2ðx; y; zÞð~unÞyy þ f3ðx; y; zÞð~unÞzzgds; ð6Þ

where n P 0 and u0(x,y,z, t) = u(x,y,z, 0).
The VIM solution u(x,y,z, t) can be expressed as

uðx; y; z; tÞ ¼ lim
n!1

unðx; y; z; tÞ; ð7Þ

where un(x,y,z, t) will be determined in a recursive manner.
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