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1. Introduction
1.1. The k-Cauchy-Fueter operator

In [1], we show the Cauchy-Fueter complex to be elliptic, solve the non-homogeneous Cauchy-Fueter equations, prove
the Hartogs extension phenomenon for quaternionic regular functions, and derive the quaternionic version of Bochner-
Martinelli integral representation formula (but see also [2-6]). The Cauchy-Fueter operator is the second one of a family
of k-Cauchy-Fueter operators Dg‘), k=0, 1,....The purpose of this paper is to derive the corresponding k-Cauchy-Fueter
complex completely and to establish the above results for general k.

The affine Minkowski space can be embedded in C?>*? by

(X0, X1, X2, X3) > (xo T KA IX3> , (1.1.1)

Xy — iX3 X0 — X1

i = +/—1, while the quaternionic algebra H can be embedded in C>*? by
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. . Xo + iX] —Xy — iX3
Xo + X1i + X2 + X3k — (Xz " s xp—ixg ) (1.1.2)
They are different embeddings of R* in C*. We will use the conjugate embedding
CHY ~ R s 0212 (o - - -+ Qi) > (M), (1.1.3)
A=0,1,...,2n—1,A =0, 1, with
Z(Zl)o/ 2(21)1/ — Xq1 — X441 —X442 + Xq143 (1.1.4)
Z@HD0 DY ] Xy + (X3 Xy + X1 )’ o
[=0,...,n— 1.Denote
a
Vo = ——, 1.15
M= (1.1.5)
the holomorphic derivatives on C*". An element of C? is denoted by (¢, ) with A’ = 0, 1, while an element of the symmetric
power & C? is denoted by (¢pup..c) with A', B,...,C" = 0,1, where ¢yp..c is the same as that of the permutation of
subscripts. An element of the exterior power A/C?" is denoted by (¢p...c) withA, B, ...,C =0, 1,...,2n— 1, where ¢sz...c

is that of the permutation of subscripts multiplying the sign of the permutation. We also denote by ¢, functions valued in
such vector spaces. Let

ng) . COO((C4YI, @k (C2) N COO((C4n, ®k71 (CZ ® (CZH)’
dup..co —> (Dg{)¢)AB’mc’ = V2/¢A’B’»~C’-

Here and in the following we use Einstein convention of taking summation over repeated indices. The repeated indices A’
and A are taken over 0, 1and 0, 1, ..., 2n — 1, respectively. The matrix

(1.1.6)

€ = (EA’B’) = (_0.1 é) (117)

is used to raise or lower indices, e.g. VQ/EA/B/ = Vqup'.
When n = 1, pulling back to the affine Minkowski space by the embedding (1.1.1), D(()k)d) = 0 is the helicity g massless
field equations [7,8]. Dél)qb = 0 is the Dirac-Weyl “equation of an electron” for mass zero whose solutions correspond to

neutrinos, D(()z)qb = 0 is the Maxwell equation whose solutions correspond to photons, fo)(p = 0 is linearized Einstein’s
equation whose solutions correspond to “weak gravitational field”, and so on.
Pulling back to the quaternionic space H" = R*" by the embedding (1.1.4), we set

(NV(ZI)O’ NV(ZI)V ) — ( 8)<41 + i‘?x41+1 _8X4l+2 - iax4l+3> (1.1.8)
Vaurnoe  Vaeunr Oxgryy — 10xg5 Oxgy — 10y

on R*", By abuse of notations, Vau is also denoted by Vay. We call DY : C®(R*", ©F C2) — C®(R*, 0% 1C? @ C2),
given by (1.1.6) with V44 provided by (1.1.8), the k-Cauchy-Fueter operator. The usual Cauchy-Fueter operator is

Og = Oy + 105y 30y, + KOy, [=0,...,n—1

For f = fo + fii + foj + f3K, set ¢°/ = fo +if1, ¢1/ = f, — ifs. It is known that the Cauchy-Fueter equation a%f = 0canbe
written as

Voo Vor ¢0: —0
Vi Vir ) \g! '
Briefly, it can be write as VAA/¢A/ = 0, which is equivalent to the 1-Cauchy-Fueter operator. For a domain £2 in H", a function
f: 2 — OC?is called left k-regular in $2 (or briefly k-regular in £2) if it satisfies
D’f(q) =0 (1.1.9)

for any q € £2. The set of all k-regular functions in £2 is denoted by #) (£2).

1.2. Construction of exact sequences over C*" by complex geometric method

To obtain the k-Cauchy-Fueter complex, let us consider the flag manifolds:

Fa,..d ={ (L1,...,L;); Ly C -+ C L, are linear subspaces of C2"*? with dimc L; = d;},
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