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Abstract

We take the Lie algebra A1 as an example to illustrate a detail approach for expanding a finite dimensional Lie alge-

bra into a higher-dimensional one. By making use of the late and its resulting loop algebra, a few linear isospectral

problems with multi-component potential functions are established. It follows from them that some new integrable hier-

archies of soliton equations are worked out. In addition, various Lie algebras may be constructed for which the inte-

grable couplings of soliton equations are obtained by employing the expanding technique of the the Lie algebras.

� 2005 Elsevier Ltd. All rights reserved.

1. Expansions of the Lie algebras

The Lie algebra A1 and its resulting loop algebra ~A1 are extensively used to produce integrable hierarchies in soliton

theory, because they possess the simple and nontrivial commuting operations. For example, taking the basis of the Lie

algebra A1 as follows:

h ¼
1 0

0 �1

� �
; e ¼

0 1

0 0

� �
; f ¼

0 0

1 0

� �
; ð1Þ

the commuting operation is given by

½h; e� ¼ 2e; ½h; f � ¼ �2f ; ½e; f � ¼ h. ð2Þ

Denoting a = a1h + a2e + a3 f, b = b1h + b2e + b3 f, it is easy to calculate that

½a; b� ¼ ða2b3 � a3b2Þhþ 2ða1b2 � a2b1Þeþ 2ða3b1 � a1b3Þf . ð3Þ
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Definition 1. For the two vectors in R3

�a ¼
a1
a2
a3

0
B@

1
CA; �b ¼

b1
b2
b3

0
B@

1
CA;

a commuting operation is defined by

½�a; �b� ¼
a2b3 � a3b2

2ða1b2 � a2b1Þ
2ða3b1 � a1b3Þ

0
B@

1
CA. ð4Þ

In terms of (3) and (4), it is no doubt that R3 becomes a Lie algebra, and the Lie algebra A1 is isomorphic to R3.

If we take the basis of the Lie algebra A1 as follows [1]:

�h ¼ 1=2
1 0

0 �1

� �
; e� ¼ 1=2

0 1

�1 0

� �
; ð5Þ

then

½�h; e�� ¼ e	; ½e�; eþ� ¼ �h. ð6Þ

As for two elements in A1 as follows:

a ¼ a1�hþ a2eþ a3e ; b ¼ b1�hþ b2eþ þ b3e ;

it is easy to find that

½a; b� ¼ ða3b2 � a2b3Þ�hþ ða1b3 � a3b1Þeþ þ ða1b2 � a2b1Þe . ð7Þ

Definition 2. For the two vectors in R3 in the following:

�a ¼
a1
a2
a3

0
B@

1
CA; �b ¼

b1
b2
b3

0
B@

1
CA;

a commuting operation is given by

½�a; �b� ¼
a3b2 � a2b3
a1b3 � a3b1
a1b2 � a2b1

0
B@

1
CA. ð8Þ

We can verify that R3 also becomes a Lie algebra and it is isomorphic to the Lie algebra A1. Via denoting ½�a; �b�1 and

½�a; �b�2 as the operations (4) and (8), respectively, there is an open problem that how we expand the Lie algebra A1 into

the higher-dimensional Lie algebras with the same simple operational rules as above. We find that such the Lie algebras

are various. In the following, the six kinds of operations in a Lie algebra are exhibited by definition.

Definition 3. Let two vectors in R6 be as follows:

a = (a1,a2,a3,a4,a5,a6)
T, b = (b1,b2,b3,b4,b5,b6)

T, the following six operations may make R6 become a Lie

algebra

½a; b�1 ¼

a2b3 � a3b2
2ða1b2 � a2b1Þ
2ða3b1 � a1b3Þ
a5b6 � a6b5

2ða4b5 � a5b4Þ
2ða6b4 � a4b6Þ

0
BBBBBBBB@

1
CCCCCCCCA
; ð9Þ
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