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1. Introduction

The Toda lattice
Xnt = €XP(Xn_1 — Xp) — €Xp(Xp — Xny1), (1, t) €ZXR (1.1)

for sequence x, = x(n, t), is a typical differential-difference system in soliton theory, which was originally derived in
1966 as a model for waves in lattices composed of particles interacting by nonlinear (exponential) forces between nearest
neighbours [1]. In terms of the variable transformation u, = — exp(X; —Xp+1), Un = Xn¢, it can be rewritten in the following
form

un,t = un(vn - Un+1)5 (12)
Un,t = Up — Up—1.
Since then, the study of the lattice soliton equations has received considerable attention [2-5]. The main reason is that a
number of physical phenomena can be modelled by nonlinear lattice equations. Moreover, some generalizations of the Toda
lattice equations have been discussed in a series of papers [6-11].
The main aim of the present paper is to study the hierarchy of four-component Toda lattices associated with a discrete
3 x 3 matrix spectral problem and the corresponding trigonal curve with three infinite points on the basis of the approaches
in Refs. [12-16], from which explicit quasi-periodic solutions for the hierarchy of four-component Toda lattices are obtained
in terms of the Riemann theta function. The first nontrivial member in the hierarchy is the four-component Toda lattice [ 11]

Unr = Un(Wny1Tnr1 — Waln — Vng1 + Vn),
Up,t = Up — Up—1, (1.3)
Wp,t = —UpWp+1,

T'nt = Up—1Tn—1,

* Corresponding author.
E-mail addresses: weijiaozzu@sohu.com (J. Wei), xggeng@zzu.edu.cn (X. Geng), xzeng@zzu.edu.cn (X. Zeng).

http://dx.doi.org/10.1016/j.geomphys.2016.03.008
0393-0440/© 2016 Elsevier B.V. All rights reserved.


http://dx.doi.org/10.1016/j.geomphys.2016.03.008
http://www.elsevier.com/locate/jgp
http://www.elsevier.com/locate/jgp
http://crossmark.crossref.org/dialog/?doi=10.1016/j.geomphys.2016.03.008&domain=pdf
mailto:weijiaozzu@sohu.com
mailto:xggeng@zzu.edu.cn
mailto:xzeng@zzu.edu.cn
http://dx.doi.org/10.1016/j.geomphys.2016.03.008

J. Wei et al. / Journal of Geometry and Physics 106 (2016) 26-41 27

which is exactly the Toda lattice system (1.2) as w, = r, = 0. Before turning to the contents of each section, it is
necessary to review the related literature on the subject. Quasi-periodic solutions for a lot of soliton equations associated
with 2 x 2 matrix spectral problems have been obtained such as the KdV, Toda lattice, nonlinear Schrédinger equations
and others [17-30]. However, when our sight turns to the 3 x 3 matrix spectral problems, the research becomes more
difficult and complicated because of concerning the theory of trigonal curves rather than the hyperelliptic curves in the
2 x 2 cases [31-39]. In spite of this, a unified framework was proposed which yields all quasi-periodic solutions of the entire
Boussinesq hierarchy associated with the third-order differential operator [12,13]. Recently, based on the characteristic
polynomial of a Lax matrix associated with the 3 x 3 matrix spectral problem, a general method was developed to introduce
the trigonal curve, from which the unified framework was successfully generalized to obtain the quasi-periodic solutions for
the modified Boussinesq, the Kaup-Kupershmidt, the coupled mKdV hierarchies and others associated with the continuous
3 x 3 matrix spectral problems [14-16,40,41].

The present paper is arranged as follows. In the next section, with the aid of the discrete zero-curvature equation and
three sets of Lenard recursion equations, we derive the hierarchy of four-component Toda lattices associated with the
discrete 3 x 3 matrix spectral problem. In Section 3, we introduce the Baker-Akhiezer function and a trigonal curve of
Km_o of degree m — 2 with the help of the characteristic polynomial of Lax matrix for the hierarchy. The meromorphic
function closely related to the Baker-Akhiezer function is defined on X,,_,. Then the lattice hierarchy is decomposed
into a system of Dubrovin-type ordinary differential equations. In Section 4, we derive the asymptotic expansions of the
meromorphic function near infinite points with the help of the Riccati-type equation and obtain the divisor accordingly.
Then the asymptotic properties of the Baker-Akhiezer function are also studied. The last section is devoted to present the
quasi-periodic solutions of the meromorphic function ¢, the Baker-Akhiezer function vr; and solutions for the hierarchy
of four-component Toda lattices. Moreover, the continuous and discrete flows for the hierarchy of four-component Toda
lattices are straightened out by virtue of a meromorphic differential.

2. The hierarchy of four-component Toda lattices

Throughout this paper we suppose the following hypothesis. Assume that u, v, w, r satisfy u(-, t), v(-, t), w(-, t), r(-, t) €
CZ,t e R,u(n, ), v(n,-), wh,-),rn,-) € CY(R),n € Z where CZ denotes the set of all complex-valued sequences indexed
by Z.

Let us define the shift operators and difference operator by

Ef(n) =f(n+ 1), E7'f(n)y=f(n—1), Af(n) = (E - Df(n), neZ

For the sake of convenience, we usually use the notations f(n) = f,f(n + k) = EXf, E*f = f*, n,k € Z. Consider the
discrete 3 x 3 matrix spectral problem [11]

Y 0 u 0
Ey =Uy, ¢ = (wz>, U= (1 L+ r), (2.1)
Y3 0o w 1

where u, v, w, r are four potentials and A is a constant spectral parameter. In order to derive the hierarchy of lattice equations
associated with (2.1), we first solve the stationary discrete zero-curvature equation:

(EV)U — UV =0, V = (Vj)3x3, (2.2)
which is equivalent to

Vi —uVy =0,

uVii + o)V + wVh —uvn =0,

Vi 4+ Vi —uvys =0,

Vsh = Vii — (A + 0)Vay — 1V3y =0,

uVyi + O+ )V, +wVh — Vip — (A 4 v)Vp — V3 = 0, (2.3)
rVoh + Voh — Vi3 — (A + v)Va3 — V33 = 0,

Vs, — wVay — V3 =0,

uVyi 4+ (A 4+ v)V3h + wVsi — wVy, — Vi =0,

Vi 4+ Vs — wVis — V33 = 0,

where each entry V;; = Vj;(a, b, c, d, e) is a Laurent expansion in A:

V]] = —()\. + U)b + CjL — rd, V12 = Uibi, V13 =u a,
Vo1 = b, Vi =c, Vys = a+rb, (2.4)
V31 =d, Via=w"b” +d, Vi3 =e,

a= Zaj)fj, b= ijk_j, c= ch)fj, d= Zdj)fj, e= Zejk_j.

j=0 j=0 j=0 j=0 j=0
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