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a b s t r a c t

Let G be a finite group. Noncommutative geometry of unital G-algebras is studied. A ge-
ometric structure is determined by a spectral triple on the crossed product algebra as-
sociated with the group action. This structure is to be viewed as a representative of a
noncommutative orbifold. Based on a study of classical orbifold groupoids, a Morita equiv-
alence for the crossed product spectral triples is developed. Noncommutative orbifolds are
Morita equivalence classes of the crossed product spectral triples. As a special case of this
Morita theory one can study freeness of the G-action on the noncommutative level. In the
case of a free action, the crossed product formalism reduced to the usual spectral triple
formalism on the algebra of G-invariant functions.

© 2016 Elsevier B.V. All rights reserved.

0. Introduction

We take up the task to develop a noncommutative geometricmodel for unital algebras subject to a finite group action. The
differential geometric objects relevant to this theory are global action orbifolds. These objects may be naturally represented
as Lie groupoids, or more precisely, proper étale Lie groupoids, [1]. It was shown in Ref. [2] that with any effective compact
proper étale groupoid with a spin structure, one can associate a Dirac spectral triple on the smooth groupoid convolution
algebra. So, from this viewpoint, the generalization of noncommutative geometry to G-algebras is straightforward.
A major difference between the manifold theory and the orbifold theory is the implementation of an equivalence relation.
Namely, orbifolds (considered as Lie groupoids) should be equipped with the geometric Morita equivalence relation which
is essentially weaker relation than the G-equivariant diffeomorphism. The geometric Morita equivalence leaves the orbit
space of the groupoid invariant, as well as the isotropy types associated with the action. So, one should view an orbifold as
a Morita equivalence class of its representative groupoid since the different Morita classes are merely different geometric
models for the same orbit space. A particularly important case is an orbifold that is modelled as a manifold subject to a free
action of a finite group. This orbifold is Morita equivalent to the unit groupoid of its orbit space. So, the orbifolds subject
to free actions should be viewed as manifold objects in the category of Lie groupoids. This is how the geometric Morita
equivalent provides a tool to separate smooth objects from those with singularities.

Suppose that a finite group G acts on the unital complex algebra A. This results in two unital associative algebras of
interest: the crossed product algebra G n A and the invariant subalgebra AG. The philosophy of this project is to view the
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algebra G n A as an equivariant space whereas a spectral triple on G n A is viewed as a representative of a noncommutative
orbifold. We are also assuming that the G-action on the Hilbert space commutes with the Dirac operator which results in a
spectral triple on the invariant subalgebra AG. This level should be viewed as a noncommutative model for the orbit space
under the group action. The spectral triple on AG captures the metric aspects of this theory which is demonstrated in the
appendix of this document. These spectral triples also have an important role in the Morita theory introduced in Section 1.

The main goal of this work is to implement a Morita equivalence for spectral triples on noncommutative orbifolds.
We shall follow the standard philosophy of noncommutative geometry and translate the geometric Morita equivalence
of orbifolds (viewed as Lie groupoids) into the operator theoretic language of spectral triples. Suppose that G n X is a
representative of a global action orbifold and that there is a Dirac spectral triple on its smooth crossed product algebra
(G n C∞(X), L2(FΣ ), ð). If K n Y is any other global action orbifold that is Morita equivalent to G n X , and if the Morita
equivalence φ has been fixed, then there is the induced spectral triple (K n C∞(Y ), L2(φ#FΣ ), φ#ð)which was found in [3].
The induced spectral triple is defined in purely geometric means. It is known that once the geometric Morita equivalence φ
has been fixed, thenφ gives rise to a pre-C∗-algebraKnC∞(Y )-GnC∞(X) bimodulewhich describes theMorita equivalence
on the algebraic level, [4]. This bimodule has a completion to a Morita bimodule for the C∗-algebra completions. In this
manuscript we shall see that the assignment L2(FΣ ) → L2(φ#FΣ ) is, up to a unitary equivalence, the map that induced an
isomorphism of the pre-C∗-algebra representation categories, [5]. It will also be shown that the assignment ð → φ#ð will
preserve the K -homology class of the underlying Fredholm module, i.e. in terms of operator KK -theory, the approximate
sign of φ#ð is a connection on L2(φ#FΣ ) for the approximate sign of ð. However, these properties alone are too weak to
provide axioms for a realisticmodel for aMorita equivalence of noncommutative orbifolds because the underlying Fredholm
module loses information of the Dirac spectrum. The Dirac spectrum carries information of the metric associated with the
riemannian structure. More precisely, in the appendix we shall see that in the case of global action orbifolds, the Dirac
spectrum captures the geodesic lengths already on the level of spectral triples on the algebras of smooth invariant functions
C∞(X)G. This is indeed fully compatiblewith the intuition: the geodesic length is aG-invariant property, and such properties
are Morita invariant. Therefore, we need to introduce additional axiom for the Morita equivalence and require that a Morita
equivalence operates as a unitary equivalence on the level of invariant spectral triples. This holds in the case of geometric
orbifolds, [3].

Notation. This work is a part of the project consisting of [2,3] and this manuscript. The previous parts are purely geometric
studies of spectral triples on proper étale groupoids. Although we do not need this generality in this manuscript, we shall
continue toworkwith the Lie groupoid notation for the sake of coherency. If X is an equivariantmanifold subject to an action
of a finite group G, then we consider this system as the action Lie groupoid G× X ⇒ X , which will be denoted by G n X . The
source and target maps are given by s(g, x) = x and t(g, x) = g · x for all g ∈ G and x ∈ X . We also use t−1(x) = (G n X)x
and s−1(x) = (G n X)x.

In the analysis, we shall identify the smooth crossed product algebras GnC∞(X)with the groupoid convolution algebras
C∞(G n X). A smooth left Haar system µ = {µx

: x ∈ X} in G n X is a collection of measures in G × X parametrized on X ,
so that

1. The support of µx is (G n X)x.
2. If f ∈ C∞(G n X), then x →


fdµx is smooth.

3. The measures are left-invariant:

f (στ)dµs(σ )(τ ) =


f (τ )dµt(σ )(τ ).

Here we are concerned with the action groupoids only. In this case we fix the standard Haar measure λ in the finite group
G (the counting measure) and then define a Haar system in G n X by setting

µ = {µx
= λ : x ∈ X}.

The groupoid convolution C∞(G n X) is the unital algebra equipped with the product

(f · g)(σ ) =

τ∈(GnX)s(σ )

f (σ · τ−1)g(τ )dµs(σ )(τ )

=
1
#G


τ∈(GnX)s(σ )

f (σ · τ−1)g(τ )

where #G denotes the number of elements in G. The unit is the function 1e which is the indicator function of the subset
{e} × X in G × X where e is the unit element of G. We shall drop the measure terms dµs(σ ) in the notation. The algebra
C∞(G n X) can be equipped with the universal C∗-norm and the groupoid C∗-algebra C⋆(G n X) is obtained by taking the
completion in this norm [6,7].

Convention. An action Lie groupoid G n X is called a compact action orbifold if G is a finite group, X is a compact connected
smooth manifold and the G action on X is effective. This is a nonstandard notation which is adopted for this study because
this is exactly the class of Lie groupoids that are relevant in the study of noncommutative geometry of unital G-algebras.
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