
Chaos, Solitons and Fractals 89 (2016) 547–551 

Contents lists available at ScienceDirect 

Chaos, Solitons and Fractals 

Nonlinear Science, and Nonequilibrium and Complex Phenomena 

journal homepage: www.elsevier.com/locate/chaos 

Chua’s circuit model with Atangana–Baleanu derivative with 

fractional order 

Badr Saad T. Alkahtani ∗

Department of Mathematics, Colleges of Sciences, King Saud University, P.O. Box 1142, Riyadh, 11989, Saudi Arabia 

a r t i c l e i n f o 

Article history: 

Received 22 February 2016 

Revised 14 March 2016 

Accepted 14 March 2016 

Available online 16 April 2016 

Keywords: 

Chua’s circuit 

Atangana–Baleanu derivative 

New numerical approximation 

Numerical simulations 

a b s t r a c t 

The analysis of circuit employing the Kirchhoff’s circuit laws also known as dynamics of 

Chua’s circuit is extended in this work using the newly established fractional derivative 

with nonlocal and non-singular kernel. A new numerical analysis is presented and used to 

solve the extended model. Some numerical simulations are done for different values of the 

fractional order and new chaotic behaviors are obtained. 
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1. Introduction 

A three nonlinear ordinary differential equation in the 

variables x ( t ), y ( t ), z ( t ) standing for the voltages trans- 

versely the capacitors C 1 and C 2 are used to describe the 

circuit using Kirchhoff’s circuit laws [1,2] . This dynamic 

circuit is also known as Chua’s circuit. It was suggested 

in [3] that any self-governing electrical path obtained via 

standard components namely inductors; resistors and ca- 

pacitors have to meet three characteristics in order to por- 

tray chaotic behavior. The three characteristics suggested 

in [3] are 

1. One or more nonlinear elements. 

2. One or more locally active resistors. 

3. Three or more energy-storage elements. 

It is well known that Chua’s circuit is one of the easi- 

est electronic paths satisfying the above criteria [3] . Many 

researchers have done some works using this model; par- 

ticularly some authors have extended this model using the 

Caputo derivative with fractional order [4–6] . Although a 
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clear reason for why the fractional derivative was used to 

extend the model was not presented in these papers, but 

new chaotic behavior were obtained from their numeri- 

cal simulations. Recently a work done by Machado and 

Ortiguiera suggested that, an operator will be called frac- 

tional derivative if in addition of the criteria prescribed in 

their paper [7] , the operator is able to portray or exhibit 

some chaotic behavior. Recently Atangana and Baleanu, in 

order to solve the problem of fractional derivative with 

non-singular and nonlocal kernel suggested a new deriva- 

tive based on the generalized Mittag–Leffler function [8,9] . 

Atangana and Koca used this new derivative and extended 

the Lorenz Attractor model and obtained very good results 

[9] . In this paper the Atangana–Baleanu derivative with 

fractional order will be used to further examine chaotic 

behavior on the Chua’s circuit model. The classical Chua’s 

circuit model consider here is given as 

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

dx (t) 
dt 

= α[ y (t) − x (t) − f (x (t)) ] , 

R C 2 
dy (t) 

dt 
= x (t) − y (t) + Rz(t) , 

dz(t) 
dt 

= −βy (t) , 

f (x (t)) = mx (t) + 

1 
2 
(n − m ) ( | x (t) + 1 | − | x (t) − 1 | ) . 

(1) 
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The above model was obtained in [10] . The function f ( x ) 

demonstrates the electrical response of the nonlinear resis- 

tor [10] also this function shape depends on the fastidious 

pattern on its components. α and β are parameters deter- 

mined by the particular values of the circuit components 

[10] . The Chua’s model is a useful system to investigate 

more original and applied chaos theory. Due to the use- 

fulness of this model, it has been a subject of many inves- 

tigations in the literature. Nonetheless, no study has been 

done using the newly established fractional derivative. 

2. Atangana–Baleanu derivative with fractional order 

In this section, the Atangana–Baleanu derivative with 

fractional order and their properties are presented to ac- 

commodate those readers that are not aware of it. 

Definition 1. Let f ∈ H 

1 ( x, y ), y > x, α ∈ [0, 1] and not nec- 

essary differentiable then, the definition of the new frac- 

tional derivative (Atangana–Baleanu fractional derivative in 

Riemann–Liouville sense) is given as [8,9] 

ABR 
l D 

α
t [ g(t)] = 

B ( α) 

1 − α

d 

dt 

t ∫ 
l 

g (k ) E α

[ 
− α

1 − α
( t − k ) 

α
] 

dk, 

(2) 

Noting that 

E α( t α) = 

∞ ∑ 

v =0 

t αv 

�( αv + 1 ) 
(3) 

Definition 2 [8,9] . f ∈ H 

1 ( x, y ), y > x, α ∈ [0, 1] with the 

function f differentiable then, the definition of the new 

fractional derivative (Atangana–Baleanu derivative in Ca- 

puto sense) is given as 

ABC 
l D 

α
t [ g(t)] = 

B ( α) 

1 − α

t ∫ 
l 

d 

dk 
[ g (k ) ] E α

[ 
− α

1 − α
( t − k ) 

α
] 

dk, 

(4) 

here, the function B satisfies the following B (0) = B (1) = 1 

[8,9] . 

Definition 3 [8,9] . The fractional integral associate to the 

new fractional derivative with nonlocal kernel (Atangana–

Baleanu fractional integral) is defined as 

AB 
b I αt [ d(t) ] = 

1 − α

B (α) 
d(t) + 

α

B (α)�( α) 

t ∫ 
b 

d( j) ( t − j ) 
α−1 dj 

(5) 

When alpha is zero we recover the initial function and 

if also alpha is 1, we obtain the ordinary integral. 

3. Modified Chua’s circuit 

The concept of fractional derivative has been employed 

to obtain many chaotic behavior in many research papers 

in the literature. It has been demonstrated that several 

chaotic systems will stay chaotic when their models are 

extended within the scope of fractional order derivatives 

[10] . It was demonstrate that the Chua’s model with frac- 

tional derivative with a lower order 2.7 was able to repli- 

cate a chaotic attractor. The model of Wien bridge oscilla- 

tor was investigated within the scope of fractional calcu- 

lus, and the results obtained therein showed that a limit 

cycle could be replicated for any fractional order, with an 

adequate value of the amplifier gain [11] . The jerk model 

was studied using the concept of fractional derivative and 

chaotic attractor was obtained with the system order as 

low as 2.1. In this paper in order to check the effect of 

Mittag–Leffler nonlocal and non-singular kernel into the 

definition of fractional derivative, the time derivative of Eq. 

(1) will be replaced by the time Atangana–Baleanu frac- 

tional derivative to obtain ⎧ ⎪ ⎨ 

⎪ ⎩ 

ABC 
0 D 

α
t [ x (t) ] = α[ y (t) − x (t) − f (x (t)) ] , 

R C 2 
ABC 
0 D 

α
t [ y (t) ] = x (t) − y (t) + Rz(t) , 

ABC 
0 D 

α
t [ z(t) ] = −βy (t) , 

f (x (t)) = mx (t) + 

1 
2 
(n − m ) ( | x (t) + 1 | − | x (t) − 1 | ) . 

(6) 

For simplicity, we let ⎧ ⎨ 

⎩ 

ABC 
0 D 

α
t [ x (t) ] = F 1 (x, y, z, t) , 

R C 2 
ABC 
0 D 

α
t [ y (t) ] = F 2 (x, y, z, t) , 

ABC 
0 D 

α
t [ z(t) ] = F 3 (x, y, z, t) . 

(7) 

Applying the Atangana–Baleanu fractional integral on 

both sides of system ( 7 ) we obtain ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

x (t) = x 0 (t) + 

1 −α
B ( α) 

F 1 (x, y, z, t) 

+ 

α
B ( α) �( α) 

t ∫ 
0 

F 1 (x, y, z, τ ) ( t − τ ) 
α−1 dτ, 

y (t) = y 0 (t) + 

1 
R C 2 

1 −α
B ( α) 

F 2 (x, y, z, t) 

+ 

α
B ( α) �( α) 

t ∫ 
0 

F 2 (x, y, z, τ ) ( t − τ ) 
α−1 dτ, 

z(t) = z 0 (t) + 

1 −α
B ( α) 

F 3 (x, y, z, t) 

+ 

α
B ( α) �( α) 

t ∫ 
0 

F 3 (x, y, z, τ ) ( t − τ ) 
α−1 dτ. 

(8) 

One of the aim of our investigation is to solve the above 

equation numerically, therefore to achieve this, we first 

present the numerical approximation of the Atangana–

Baleanu fractional integral. The technique used here is the 

predictor-corrector scheme. By definition we have that 

AB 
b I αt [ d(t) ] = 

1 − α

B (α) 
d(t) + 

α

B (α)�( α) 

t ∫ 
b 

d( j) ( t − j ) 
α−1 dj 

Then let us consider h = 

T 
N , t l = hl(l = 0 , 1 , 2 , 3 .....N) where T is consid- 

ered to be the upper bound of the interval within which 

the solution is being investigated. The corrector formula 

for Atangana–Baleanu fractional integral or the Volterra 

version of a given partial differential equation is given 

as 

d h ( t n +1 ) = d 0 ( t n +1 ) + 

1 − α

B (α) 
F ( t n +1 , d 

p 

h 
( t n +1 )) 

+ 

α

B ( α) 

⎧ ⎨ 

⎩ 

h α

�(α+2) 
F ( t n +1 , d 

p 

h 
( t n +1 ))+ 

h α

�(α+2) 

n ∑ 

i =0 

δi,n +1 F ( t i , d 
p 

h 
( t j )) 

⎫ ⎬ 

⎭ 

(9) 
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