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PDEs which have this property. We apply Dirac’s theory of constraints to this general equa-
tion. We formulate the equation in a two-component form and present the Lax pair of
Olver-Ibragimov-Shabat type. Under some constraints imposed on constant coefficients

Available online 9 July 2015

13\/?5‘75 of this equation, we obtain its bi-Hamiltonian structure. Therefore, by Magri’s theorem it is

83C15 a completely integrable bi-Hamiltonian system in (3 + 1) dimensions. We also showed that
with suitable choices of constant coefficients the equation is reduced to the well known in-
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1. Introduction

We discover bi-Hamiltonian structure of a general scalar second-order PDE with four independent variables which
possesses partner symmetries. The definition of partner symmetries [ 1] requires two conditions to be satisfied:

1. The symmetry condition for a given PDE (determining symmetries of the PDE) has the form of a two-dimensional
divergence that implies the existence of a unique potential for each symmetry.
2. The potential of each symmetry is itself a symmetry of the PDE called partner symmetry for the original symmetry.

Both symmetries are related by a nonlocal recursion relation so that at least one of them is a nonlocal symmetry.

Sheftel and Malykh [2] have demonstrated how to use partner symmetries for obtaining noninvariant solutions of
heavenly equations of Plebaiiski that govern heavenly gravitational metrics. Also, they presented a classification of scalar
second order partial differential equations (PDEs) with four variables that possess partner symmetries and contain only
second derivative of the unknown [1]. The general form of a second-order PDE with four independent variables x, y, z, t
that possesses partner symmetries and contains only second derivatives of the unknown u reads

F = al(utyuxz - utzuxy) + az(utxuty - uttuxy) + a3(utyuxx - utxuxy)
+ 4 (Upellyy — Ugellyg) + @ (Uer Uy — Ugellyz) + G (Ul — Up)
+ bquyy + by + b3y, + bauiy; + bsuy + 2bslx + b7l + bg = 0, (1.1)

E-mail address: yazici@yildiz.edu.tr.

http://dx.doi.org/10.1016/j.geomphys.2015.07.004
0393-0440/© 2016 Published by Elsevier B.V.


http://dx.doi.org/10.1016/j.geomphys.2015.07.004
http://www.elsevier.com/locate/jgp
http://www.elsevier.com/locate/jgp
http://crossmark.crossref.org/dialog/?doi=10.1016/j.geomphys.2015.07.004&domain=pdf
mailto:yazici@yildiz.edu.tr
http://dx.doi.org/10.1016/j.geomphys.2015.07.004

12 D. Yazict / Journal of Geometry and Physics 101 (2016) 11-18

where a; and b; are arbitrary constants. Partner symmetries, that make it possible to obtain noninvariant solutions of PDEs
of the form (1.1) are generated by the recursion relation:

¢c = —(aauy + aguy, — agliy + bg — wo)@; — (asuy + asuy; + gty + by) gy
+ (a1 + a2ty + A3 — b1)@y + (— a1ty + sty + Ast — b3) @y, (1.2)
@x = —(a2Uy + A4z — Aglixy — bs) g — (a3llyy + sty + sl — bg — @) Px

+ (a1t + Gatt + A3l + ba) @y + (— @1y + Q4liix + A5t + ba) gz,

where ¢ and ¢ are symmetry characteristics [3] and wy is a constant. In (1.1) and (1.2) subscripts denote partial derivatives
of u, e.g Uy = 9°u/0tdx, uy, = 0%u/0x%, ... The transformation (1.2) maps any symmetry ¢ of Eq. (1.1) to its partner
symmetry ¢.

In this paper, we study bi-Hamiltonian structure of PDEs of the general form (1.1). Some particular cases of Eq. (1.1)
yield bi-Hamiltonian systems in (3 4+ 1) dimensions which had been studied in the last decade [4-7]. In order to discuss its
Hamiltonian structure we shall single out an independent variable t in (1.1) to play the role of ‘time’ and express the general
equation as a pair of first-order nonlinear evaluation equations. Before doing this, to avoid complications we will use the
following short-hand notation:

€1 = G3lyy + G5ly + sy — bg — wp

€ = Gyly + GUx + A3l + by

€3 = —Qjlyy + AaVx + A5lx + by

C4 = Gallyy + A4lly, — Aglixy — bs

C; = a3vy+05vz+asQ+b7 (1 3)
s = a1v; +@Q + azvy — by ’
€7 = —a1vy + a4Q +asvy — b

Cg = Uy + a4V, — AgVx + bo — wy

Cg = QpUxx — UoUxy — (4qVx;

€10 = biuyy + b3ty + bru + bo

where Q appearing in cs, ¢ and ¢ is given in (1.4). We introduce u; = v as a second unknown and Eq. (1.1), with the use of
(1.3), can be written in the two-component form as follow:

1
ur = v, v = C*[(bs — wp — C1)Vx + Gy + C3v; + C10] = Q. (14)
4

From now on, in all calculations we will use the short-hand notation (1.3).

In Section 2, we present the first Hamiltonian structure of this system of equations. We start with a degenerate Lagrangian
and construct its Dirac bracket [8] to find a Hamiltonian operator.

In Section 3, we construct a recursion operator in a matrix form using results of [ 1]. Recursion operator and the operator
of the symmetry condition form a Lax pair for the two-component system.

In Section 4, we give explicitly the second Hamiltonian structure which shows that Eq. (1.4) is an integrable bi-
Hamiltonian system under some constraints on the constant coefficients.

In Section 5, we show that under a suitable choice of constant coefficients a; and b;, the general system (1.1) is reduced
to known bi-Hamiltonian systems given in [4-7,9].

In Section 6, we prove that Hamiltonian operators are compatible and satisfy Jacobi identity by using Olver’s method [3].

2. Lagrangian and first Hamiltonian structure

There is a systematic way to derive the first Hamiltonian structure of (1.4). This method is used for Plebafiski’s
heavenly equations [4], Husain and mixed heavenly [6] equations, complex Monge-Ampére [5] and asymmetric heavenly
equations [7]. We shall now apply it to the evolution system (1.4).

We start with the degenerate Lagrangian density for (1.4) given by

2
v Ut
L= (vut — 2) (Aglxx — Aallyy — Aally; — bs) — g(awz + a3ly)Uyy
U U
- g(asux — aqly)Uy; + E(a3uy + ast;)uxy

u 1
+ Ef(bzuy + batlz + 2Dotty) + - (bt + bty + bstir )ty — bou. 2.1)



Download English Version:

https://daneshyari.com/en/article/1895452

Download Persian Version:

https://daneshyari.com/article/1895452

Daneshyari.com


https://daneshyari.com/en/article/1895452
https://daneshyari.com/article/1895452
https://daneshyari.com

