
Journal of Geometry and Physics 99 (2016) 201–217

Contents lists available at ScienceDirect

Journal of Geometry and Physics

journal homepage: www.elsevier.com/locate/jgp

Extendability of parallel sections in vector bundles
Tim Kirschner
Fakultät für Mathematik, Universität Duisburg–Essen, Germany

a r t i c l e i n f o

Article history:
Received 18 February 2015
Received in revised form 26 August 2015
Accepted 14 October 2015
Available online 1 November 2015

MSC:
primary 53C05
secondary 53B05
14J60
53C29

Keywords:
Linear connections
Parallel sections
Extendability

a b s t r a c t

I address the following question: Given a differentiable manifold M , what are the open
subsets U of M such that, for all vector bundles E over M and all linear connections ∇ on
E, any ∇-parallel section in E defined on U extends to a ∇-parallel section in E defined on
M?

For simply connected manifolds M (among others) I describe the entirety of all such
sets U which are, in addition, the complement of a C1 submanifold, boundary allowed, of
M . This delivers a partial positive answer to a problem posed by Antonio J. Di Scala and
Gianni Manno (2014). Furthermore, in caseM is an open submanifold of Rn, n ≥ 2, I prove
that the complement of U inM , not required to be a submanifold now, can have arbitrarily
large n-dimensional Lebesgue measure.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

In their recent article Antonio J. Di Scala and Gianni Manno raise the following question [1, Problem 1]: given a vector
bundle E over a simply connected manifold M , a connection ∇ on E, and a ∇-parallel section σ in E defined on an open,
dense, connected subset U ⊂ M , does there exist a ∇-parallel section σ̃ defined on M such that σ̃ extends σ—that is, such
that σ̃ |U = σ? Di Scala and Manno explain, among others, how to apply this question to the extension of Killing vector
fields. Please consult their introduction for details as well as further applications.

For the note at hand, I would like to widen the scope of Di Scala’s andManno’s question slightly suggesting an alternative
problem: for a given manifold M (simply connected or not), describe/characterize the set of all open subsets U ⊂ M such
that, for all vector bundles E over M , all connections ∇ on E, and all ∇-parallel sections σ in E defined on U , there exists a
∇-parallel extension σ̃ as above. As a matter of fact, I will try and characterize the universe of closed subsets F ⊂ M whose
complement U = M\F has the aforementioned property. These closed subsets F ⊂ M will be called negligible in M (see
Definition 4.1).

My results come in two groups. For one thing, in Section 4, I derive necessary conditions for a set F to be negligible in M .
Specifically, I prove that when F is negligible inM , andM is connected, then the complementM\F is necessarily connected
too (Proposition 4.8).WhenM is of dimension 2 or higher, then,moreover, F needs to be nowhere dense inM (Corollary 4.11).
Observe thatDi Scala andMannohave already pointed these two conditions out as relevant—without, however, proving their
necessity [1].

For another, in Section 5, I derive sufficient conditions for a set F to be negligible inM . This is probably themore interesting
part (as compared to Section 4) since here I prove that parallel extensions of parallel sections do in fact exist. The most
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striking result of Section 5 is Corollary 5.11 which asserts in particular (compare Remark 5.12) that when M is a simply
connected (second-countable, Hausdorff) manifold and F ⊂ M is a closed C1 submanifold with boundary such that M\F is
dense and connected in M , then F is negligible in M . Hence, Corollary 5.11 yields a partial positive answer for the question
of Di Scala and Manno.

As a sideline in Section 5, I show that the Lebesguemeasure of a set F is quite unrelated to the negligibility of F . Precisely,
I prove the existence of negligible subsets of Rn of arbitrarily large, and even infinite, measure (Corollary 5.6). Besides, and
contrasting, I show that the fact that F has Lebesgue measure 0 inside Rn, n ≥ 2, does not imply that F is negligible in Rn for
all connections of class C0, even when Rn

\F is connected (Corollary 5.4). The latter observation tells us that the smoothness
of the connection is essential in Di Scala’s and Manno’s question.

Sections 2 and 3 contain preliminary definitions, conventions, and remarks that I employ in the course of Sections 4 and 5.

2. Manifolds and submanifolds with boundary

By amanifold I mean a locally finite-dimensional (i.e., locallymodeled on some Rn, n ∈ N) differentiablemanifold of class
Ck, 1 ≤ k ≤ ∞, without boundary; Imake no topological assumptionswhatsoever (cf. [2, p. 23]). The extended (i.e., allowing
∞) natural number k will be fixed throughout. The sheaf of real-valued functions of class Cm on M , 0 ≤ m ≤ k, will be
denoted by Cm

M , or by Cm whenM is clear from the context.
Let us recall, mainly for the sake of Theorem 5.9, some terminology concerning manifolds and submanifolds with

boundary.1

Definition 2.1. LetM be a manifold, F ⊂ M a subset, 0 ≤ m ≤ k a natural number or ∞.
Let p ∈ F . Then F is a Cm submanifold with boundary ofM at pwhen there exist d, c ∈ N, an open neighborhood U of p in

M , an open subset V of Rd
× Rc , and an isomorphism φ : U → V of class Cm such that

φ(F ∩ U) = (Hd × {(0, . . . , 0)}) ∩ V ,

where

Hd :=


{(x1, . . . , xd) ∈ Rd

: 0 ≤ xd} when d > 0,
R0 when d = 0.

(2.1.1)

In that case we write

codimp(F ,M) = c.

We say that F is a Cm submanifold with boundary of M if F is a Cm submanifold with boundary of M at p for all p ∈ F . If
this is the case, we set

codim(F ,M) := inf{codimp(F ,M) : p ∈ F},

where the infimum of the empty set is taken to be ∞.

In Section 5we are interested in nowhere dense, closed subsets F ofmanifoldsM . In case F is a submanifoldwith boundary
ofM , nowhere density can be characterized in terms of the codimension of F insideM .

Remark 2.2 (Density and Codimension). Let M be a manifold, F a closed C0 submanifold with boundary of M . Then the
following are equivalent:

(1) F is nowhere dense inM .
(2) 1 ≤ codim(F ,M).

Assume item 1. Let p ∈ F . Assume codimp(F ,M) = 0. Then there exists an open neighborhood U of p inM , a number n ∈ N,
an open subset V ⊂ Rn, and a homeomorphism φ : U → V such that φ(F ∩ U) = Hn ∩ V . If n = 0, then U = {p} ⊂ F . Thus
p is an interior point of F in M , contradicting item 1. If n ≥ 1, then there exists a number ϵ > 0 such that

y := φ(p)+ (0, . . . , 0, ϵ) ∈ {x ∈ Rn
: 0 < xn} ∩ V .

Thus the preimage of the point y is an interior point of F inM—contradiction. So, 1 ≤ codimp(F ,M). As p ∈ F was arbitrary,
we have item 2.

Assume item 2, and let p ∈ F . Then there exists an open neighborhood U of p inM , numbers d, c ∈ N, an open subset V of
Rd

× Rc , and a homeomorphism φ : U → V such that φ(F ∩U) ⊂ (Rd
×{(0, . . . , 0)})∩V . If pwere an interior point of F in

M , the point φ(p)would be an interior point of Rd
× {(0, . . . , 0)} in Rd

× Rc . Yet as 1 ≤ codim(F ,M) ≤ codimp(F ,M) = c ,
this is absurd.

1 The manifolds with boundary that we consider will always arise as submanifolds.
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