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a b s t r a c t

In this paper, we systematically study the ‘‘ghost’’ symmetry in the CKP hierarchy through
its actions on the Lax operator, dressing operator, eigenfunctions and the tau function. In
this process, the spectral representation of the eigenfunction is developed and the squared
eigenfunction potential is investigated.
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1. Introduction

In this paper, given any pseudo-differential operator A =


i ai∂
i with ∂ = ∂x and any function f ,

A+ =


i≥0

ai∂ i, A− =


i<0

ai∂ i, Res


i

ai∂ i


= a−1,


i

ai∂ i


[k]

= ak, A∗
=


i

(−∂)iai, (1)

and A(f ) denotes the action of A on f .
The Kadomtsev–Petviashvili (KP) hierarchy [1] is an important research object in the area ofmathematical physics, which

is defined by the following Lax equation

∂L
∂tn

= [(Ln)+, L], n = 1, 2, 3, . . . , (2)

with the Lax operator L given by

L = ∂ + u1∂
−1

+ u2∂
−2

+ · · · , (3)
where the coefficient functions ui are all the functions of the time variables t = (t1 = x, t2, t3, . . .). The Lax operator (3) can
be generated by the dressing operatorΦ = 1 +


∞

k=1 ak∂
−k in the following way:

L = Φ∂Φ−1. (4)
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Then the Lax equation (11) can also be expressed as Sato’s equation

∂Φ

∂tn
= −(Ln)−Φ, n = 1, 2, 3, . . . . (5)

Another important object is the Baker–Akhiezer (BA) wave function ψBA(t, λ) defined via:

ψBA(t, λ) = Φ(eξ(t,λ)) = φ(t, λ)eξ(t,λ) (6)

with ξ(t, λ) ≡


∞

k=1 tkλ
k and φ(t, λ) = 1 +


∞

i=1 ai(t)λ
−i, which satisfies

L(ψBA(t, λ)) = λψBA(t, λ), ∂tnψBA(t, λ) = (Ln)+(ψBA(t, λ)), n = 1, 2, 3, . . . . (7)

The adjoint BA function ψ∗

BA(t, λ) is introduced through the following way

ψ∗

BA(t, λ) = Φ∗−1(e−ξ(t,λ)). (8)

The KP hierarchy can also be expressed in terms of a single function called the tau function τ(t) [1], which is related with
the wave function in the way below,

ψBA(t, λ) =
τ(t1 −

1
λ
, t2 −

1
2λ2
, t3 −

1
3λ3
, . . .)

τ (t1, t2, t3, . . .)
eξ(t,λ). (9)

Because of the existence of the tau function, many important results in the KP hierarchy can be considered in terms of the
tau function, such as the flow equation, Hirota’s bilinear equation and algebraic constraint. KP hierarchy has two famous
sub-hierarchies [1,2]: the BKP hierarchy and the CKP hierarchy. Just like the KP hierarchy, the BKP hierarchy also owns one
single tau function, which bring much convenience to the study of the BKP hierarchy.

The CKP hierarchy [2] is a reduction of the KP hierarchy through the constraint on L given by (3) as

L∗
= −L, (10)

then L is called the Lax operator of the CKP hierarchy, and the associated Lax equation of the CKP hierarchy is

∂L
∂tn

= [(Ln)+, L], n = 1, 3, 5, . . . , (11)

which compresses all even flows, i.e., the Lax equation of the CKP hierarchy has only odd flows. The CKP constraint (10) on
the corresponding dressing operator Φ will be Φ∗

= Φ−1. And thus in the CKP hierarchy ψ∗

BA(t, λ) = Φ∗−1(e−ξ(t,λ)) =

Φ(e−ξ(t,λ)) = ψBA(t,−λ). So in the CKP hierarchy, it is enough to only study the wave functionψBA(t, λ). The CKP hierarchy
(11) is equivalent to the following bilinear equation:

dλψBA(t, λ)ψBA(t ′,−λ) = 0, (12)

where

dλ ≡


∞

dλ
2π i = Resλ=∞. By now, the CKP hierarchy has attracted many researches [3–13].

In contrast to the KP and the BKP cases, there seems not a single tau function to describe the CKP hierarchy in the form
of Hirota bilinear equations (that is, Hirota’s equations are no longer of the type P(D)τ · τ = 0) [2]. The existence of this
kind of tau function for the CKP hierarchy is a long-standing problem. Much work has been done in this field [3–6]. Since
the existence of tau function of the CKP hierarchy is not proved, many important results on the Lax operator and dressing
operator of the CKP hierarchy cannot be transferred to the tau function, until Chang and Wu [6] introduces a kind of tau
function τc(t) for the CKP case, which is related with the wave function in the following way

ψBA(t, λ) =


ϕ(t, λ)

τc(t − 2[λ−1
])

τc(t)
eξ(t,λ)

=


1 +

1
λ
∂x log

τc(t − 2[λ−1
])

τc(t)

1/2
τc(t − 2[λ−1

])

τc(t)
eξ(t,λ), (13)

where [λ−1
] = (λ−1, 1

3λ
−3, . . .) and ϕ(t, λ) = φ(t, λ)φ(t − 2[λ−1

],−λ). Note that the relation between the tau function
and the wave function is different from the cases of KP and BKP, because there is a square-root factor depending on the tau
function. And the relation of the new CKP tau function τc to the (C-reduced) KP tau function τ is shown in the Appendix A.

The ‘‘ghost’’ symmetry [14–18], sometimes called the squared eigenfunction symmetry [14], is one of themost important
symmetries in the integrable system, which is defined through the squared eigenfunctions [14]. The usage of the squared
eigenfunction to construct the symmetry flows can be traced back to [19–21], where operators ψ∂−1ψ∗ were introduced
to construct L−A pairs for symmetry flows (ψ andψ∗ being wave functions respectively of L and L∗ operators). And similar
symmetry flows are also studied from the Hamiltonian point of view [22]. The ‘‘ghost’’ symmetry can be used to define
the new integrable system, such as the symmetry constraint [15,17,23–28] and the extended integrable systems [29,30],
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