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mula gives the solutions to the holomorphic k-Cauchy-Fueter equations, and conversely,
any holomorphic solution to these equations is given by this integral formula. By restriction
to the quaternionic space H* C C*", we find all k-regular functions. The integral formula
also gives the series expansion of a k-regular function by homogeneous k-regular polyno-

%SG%S mials. In particular, the result holds for left regular functions, which are exactly 1-regular. It
32125 is almost elementary to show the k-regularity of the function given by the integral formula
35N05 or such series, but the proof of the inverse part that any k-regular function can be provided
32L10 by the integral formula or such series involves some tools of sheaf theory.
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1. Introduction

The k-Cauchy-Fueter operators play important roles in quaternionic analysis (cf. [ 1-9] and references therein). Theorems
in [7] proved by the second author imply that there was a 1-1 correspondence between the first cohomology of the
sheaf ©@(—k — 2) over an open subset of the projective space and the solutions to the k-Cauchy-Fueter equations on the
quaternionic space H". It is quite interesting to find the explicit integral formula realizing this correspondence, since it will
allow us to find all solutions to k-Cauchy-Fueter equations, i.e., all k-regular functions.

We write a vector in H" as q = (q, ..., qn—1) With q; = x4 + x41011 + X442 + X413k € H, 1 = 0,1,...,n — 1. The
usual Cauchy-Fueter operator 2 : C'(H", H) — C(H", H") is defined as
5'~'lof
ad= : | (1.1)
5‘:ln—lf
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forf e C1(H", H), where

Dq = Oy + 10y, + 30y, + Ky, (1.2)

[=0,1,...,n— 1. Afunction f : H" — H s called (left) regular if 2f = 0 on H". We want to find all left regular functions
on H".

1.1. The holomorphic k-Cauchy-Fueter operator

We begin with the definition of holomorphic k-Cauchy-Fueter operator on C*" since the k-Cauchy-Fueter operator can
be viewed as its restriction to the quaternionic space. We denote a pointz € C*" as z = (z™'), and denote

Var = 0,an, (1.3)
the holomorphic derivatives on C*", where A = 0,1, ...,2n — 1,and A’ = 0, 1. An element of C? is denoted by (vy, vy),
while an element of the symmetric power ®F C? is denoted by (Va,..a1) with v, € C, A}, ..., A, =01, where VA A
is invariant under the permutations of subscripts. Therefore,

@k (CZ o~ (Ck+l,
and an element v of ®* C? can be written as v = (vy'..q’, V170/.0'5 - - - » V1..17)’, Where ! is the transpose.

Fork = 1, 2, ..., define the holomorphic k-Cauchy-Fueter operator

D(k) . ]{;(C4n’ Ck+1) N ]f(@4n, CZn ® Ck),
¢ — ¥,

where for ¢ = (d)A’lmA,’{)'

A/
(DY) gy py = V' By (1.4)

Al,...,A, =0,17,A=0,1,...,2n — 1, and for some complex vector space V, H(C* V) is the space of all V-valued
holomorphic functions on C*'. Here and in the following we use Einstein convention of taking summation over repeated
indices. The matrix

€ = (GA/B/) = (_01 (1)> (15)

. . - A .
is used to raise or lower indices, e.g., V,' €xn, = VAA/Z. In particular,

’

V=V, V)=V (1.6)
Then the holomorphic-k-Cauchy-Fueter equations D®'¢ = 0 can be written as
Varbou,..a, = Vao a4 =0,

A=0,1,...,2n—1,A,,..., A, = 0, 1. In particular, the holomorphic 1-Cauchy-Fueter equations DM ¢ = 0 can be written
as
5 Vor —Voo 4
DM (P} — : : v
3% . . b
Van-nr  —Ven-no

8201’ — 0,00

_ . . do\ _
7 @)

az(zn—l)l’ _aZ(Zn—l)O’

where ¢ = (¢0’a ¢1/)t € J{((C‘lnv (Cz)



Download English Version:

https://daneshyari.com/en/article/1895919

Download Persian Version:

https://daneshyari.com/article/1895919

Daneshyari.com


https://daneshyari.com/en/article/1895919
https://daneshyari.com/article/1895919
https://daneshyari.com/

