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a b s t r a c t

Given a Lie group acting on a manifold M preserving a closed n + 1-form ω, the notion
of homotopy moment map for this action was introduced in Fregier (0000), in terms of
L∞-algebramorphisms. In this note we describe homotopymomentmaps as coboundaries
of a certain complex. This description simplifies greatly computations, and we use it
to study various properties of homotopy moment maps: their relation to equivariant
cohomology, their obstruction theory, how they induce new ones on mapping spaces, and
their equivalences. The results we obtain extend some of the results of Fregier (0000).

© 2015 Elsevier B.V. All rights reserved.

Introduction

Recall that a symplectic form is a closed, non-degenerate 2-form. It is natural to consider symmetries of a given symplectic
manifold, that is, a Lie group acting on a manifold, preserving the symplectic form. Among such actions, a nice subclass is
given by actions that admit a moment map; in that case the infinitesimal generators of the action are Hamiltonian vector
fields. Actions admitting a moment map enjoy remarkable geometric, algebraic and topological properties, that have been
studied extensively in the literature (e.g. symplectic reduction, the relation to equivariant cohomology and localization,
convexity theorems, etc.).

In this note we consider closed n + 1-forms for some n ≥ 1. When they are non-degenerate, they are called multisym-
plectic form, and are higher analogues of symplectic forms which appear naturally in classical field theory.

Recently Rogers [1] (see also [2]) showed that the algebraic structure underlying a manifold with a closed n + 1-form ω
is one of an L∞-algebra. This allowed [3] for a natural extension of the notion of moment map to closed forms of arbitrary
degree, called homotopy moment map. The latter is phrased in terms of L∞-algebra morphisms.

The first contribution of this note is to construct, out of the action of a Lie group G on a manifold M , a chain complex C
with the following property:

• any invariant closed form ω gives rise to a cocycle ω̃ in C

• homotopy moment maps are given exactly by the primitives of ω̃.
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The chain complex C is simply the product of the Chevalley–Eilenberg complex of the Lie algebra of G, with the de Rham
complex of M . The action is encoded by the cocycle ω̃. Notice that by the above the set of homotopy moment maps (for a
fixedω) has the structure of an affine space, which is unexpected since L∞-algebramorphisms are generally very non-linear
objects.

This characterization of homotopy moment maps is very useful: L∞-algebra morphisms are usually quite intricate and
cumbersome to work with in an explicit way, while working with coboundaries in a complex is much simpler. In this note
we use the above characterization to:

• show that certain extensions of ω in the Cartan model give rise to homotopy moment maps (see Section 4),
• give cohomological obstructions to the existence of homotopy moment maps (see Section 5),
• show that a homotopy moment map for a G-action on (M, ω) induces one on Maps(Σ,M), the space of maps from any

closed and orientedmanifoldΣ intoM , endowed with the closed form obtained fromω by transgression (see Section 6),
• obtain a natural notion of equivalence of homotopy moment maps, both under the requirement that ω be kept fixed

and allow ω to vary (see Section 7). We show that it is compatible with the geometric notion of equivalence induced by
isotopies of the manifoldM , and with the notion of equivalence of L∞-morphisms (see Appendix A).

In Sections 4 and 5we obtain results similar to those of [3], but withmuch less computational effort. The results obtained
in Section 7 are a significant extension of results obtained in [3], where only closed 3-forms and loop spaceswere considered.
The equivalences introduced in 7 and their properties extend and justify the work carried out for closed 3-forms in
[3, Section 7.4].

Onemore application of the characterization ofmomentmaps as coboundaries inC is the following. Given twomanifolds
endowedwith closed forms, their cartesian product (M1×M2, ω1∧ω2) is again an object of the same kind. This construction
restricts to themultisymplectic category, but not to the symplectic one. The above characterization of momentmaps is used
in [4] to construct homotopy moment maps for cartesian products.

Remark. Recall that if X is a Lie algebra, a X-differential algebra [5, Section 3] is a graded commutative algebraΩ = ⊕i≥0Ω
i

with graded derivations ιv,Lv of degrees −1, 0 (depending linearly on v ∈ X) and a derivation d of degree 1 such that the
Cartan relations hold:

[d, d] = 0 [Lv, d] = 0, [ιv, d] = Lv

[ιv, ιw] = 0, [Lv,Lw] = L[v,w]X
, [Lv, ιw] = ι[v,w]X

.

This note is written in terms of geometric objects, but most of it applies also to the algebraic setting obtained replacing the
setting we assume in Section 2 with:

X a Lie algebra,Ω a X-differential algebra, ω ∈ Ωn+1 with dω = 0.
g a Lie algebra and ρ : g → X a Lie algebra morphism, so that Lρ(x)ω = 0

for all x ∈ g.

1. Closed forms

We recall briefly how some notions from symplectic geometry apply to closed differential forms of arbitrary degree.

Definition 1.1. Let (M, ω) be a pre-n-plectic manifold, i.e., M is a manifold and ω a closed n + 1-form. An (n − 1)-form α
is Hamiltonian iff there exists a vector field vα ∈ X(M) such that

dα = −ιvαω.

We say vα is a Hamiltonian vector field for α. The set of Hamiltonian (n − 1)-forms is denoted asΩn−1
Ham (M).

In analogy to symplectic geometry, one can endow the set of Hamiltonian (n−1)-formswith a skew-symmetric bracket,
which however is not a Lie bracket. If one passes fromΩn−1

Ham (M) to a larger space, one obtains an L∞-algebra [6], which was
constructed essentially in [1, Thm. 5.2], and generalized slightly in [2, Thm. 6.7].

Definition 1.2. Given a pre-n-plectic manifold (M, ω), the observables form an L∞ algebra, denoted L∞(M, ω) := (L, {lk}).
The underlying graded vector space is given by

Li =


Ωn−1

Ham (M) i = 0,

Ωn−1+i(M) −n + 1 ≤ i < 0.

The maps

lk : L⊗k

→ L|1 ≤ k < ∞

are defined as

l1(α) = dα,
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