Journal of Geometry and Physics 61 (2011) 2419-2435

Contents lists available at SciVerse ScienceDirect

Journal of Geometry and Physics

journal homepage: www.elsevier.com/locate/jgp

Apparent singularities of Fuchsian equations and the Painlevé property
for Garnier systems

R.R. Gontsov ™, L.V. Vyugin

Institute for Information Transmission Problems of the Russian Academy of Sciences, Bolshoi Karetny per. 19, Moscow, 127994, Russia

ARTICLE INFO ABSTRACT
Article history: We study movable singularities of Garnier systems using the connection of the latter with
Received 29 June 2009 Schlesinger isomonodromic deformations of Fuchsian systems. Questions on the existence

Received in revised form 5 June 2011
Accepted 6 August 2011
Available online 22 August 2011

of solutions for some inverse monodromy problems are also considered.
© 2011 Elsevier B.V. All rights reserved.

MSC:

34M50
34M55
32A20
14H60

Keywords:

Inverse monodromy problems
Fuchsian systems

Schlesinger deformations
Painlevé type equations
Movable singularities

1. Introduction

In the middle of the XIXth century, B. Riemann considered the problem of the construction of a linear differential equation
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with the prescribed regular singularities a;, . . ., a, € C (which are the poles of the coefficients) and prescribed monodromy.

Recall that a singular point a; of Eq. (1) is said to be regular if any solution of the equation is of no more than a polynomial
(with respect to 1/|z — a;|) growth in any sectorial neighbourhood of the point g;.

By Fuchs’s theorem [1] (see also [2, Th. 12.1]), a singular point g; is regular if and only if the coefficient b;(z) has at this
point a pole of order j or lower (j = 1, ..., p). Linear differential equations with regular singular points only are called
Fuchsian.

Poincaré [3] has established that the number of parameters determining a Fuchsian equation of order p with n singular
points is less than the dimension of the space M of monodromy representations, ifp > 2, n > 2orp = 2,n > 3 (see also
[4, pp. 158-159]). Hence in the construction of a Fuchsian equation with the given monodromy there arise (besides
ai, ..., a,) the so-called apparent singularities at which the coefficients of the equation have poles but the solutions are
single-valued meromorphic functions, i. e., the monodromy matrices at these points are identity matrices. Below by apparent
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singular points of an equation we mean these very singularities. Thus, in general case the Riemann problem has a negative
solution.

A similar problem for systems of linear differential equations is called the Riemann-Hilbert problem. This is the problem
of the construction of a Fuchsian system

dy ~ B
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dz ~z-q
with the given singularities aq, . . ., a, (if co is not a singular point of the system, then Z?:l B; = 0) and monodromy
x :m(C\ {ai. ..., a},20) — GL(p, C). (3)

A counterexample to the Riemann-Hilbert problem was obtained by Bolibrukh (see [4, Ch. 5]). The solution of this
problem has a more complicated history than that of the Riemann problem for scalar Fuchsian equations (before Bolibrukh
it had long been wrongly regarded as solved in the affirmative; for details see [5]).

Alongside Fuchsian equations consider the famous non-linear differential equations—the Painlevé VI equation (Py;) and
Garnier systems.

The equation Py, («, B, y, §) is the non-linear differential equation
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of second order with respect to the unknown function u(t), where «, 8, y, § are complex parameters. This equation has three
fixed singular points, 0, 1, co. Its movable singularities (which depend on the initial conditions) can be poles only. In such a
case one says that an equation satisfies the Painlevé property. The general Py; equation (4) was first written down by Fuchs [6]
and was added to the list of the equations now known as the Painlevé 1-VI equations by Painlevé’s student Gambier [7].
Among the non-linear differential equations of second order satisfying the Painlevé property, only the equations of this list
in general case cannot be reduced to the known differential equations for elementary and classical special functions. The Py,
equation is the most general because all the other P,_y equations can be derived from it by certain limit processes after the
substitution of the independent variable t and parameters (see [8]).

The Garnier system 4,(6) depending on n + 3 complex parameters 01, ..., 0,12, O is a completely integrable system
of non-linear partial differential equations of second order obtained by Garnier [9]. It was written down by Okamoto [8] in
an equivalent Hamiltonian form
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with certain Hamiltonians H; = H;(a, u, v, #) rationally depending on a = (ai,...,ay),u = (U1, ...,Uy), V =
(V1,5 0p), 0 = (04, ..., 0412, 0x). Inthe case n = 1 the Garnier system (61, 62, 03, 6,) is an equivalent (Hamiltonian)

form of Py («, B8, v, §), where
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o= -62 B = —5922, y=-02, &= 5@ —03).
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There exist classical results [6,9] on the connection of scalar Fuchsian equations of second order with Py; equations and

Garnier systems. Let us consider a scalar Fuchsian equation of second order with singular pointsay, . . ., @y, Gpp1 = 0, Gy2 =
1, a,+3 = oo and apparent singularities uq, . . ., u, whose Riemann scheme has the form

a; (0] Uy

0 o 0), i=1,....,n+2, k=1,...,n, 6, ¢Z
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(a depends on the parameters 6; according to the classical Fuchs relation Z?;]Z 0;+0s+20+2n = 2n+1). There is freedom
of choice of such an equation. Its coefficients b{(z), b,(z) depend on a, u, 6 and n arbitrary parameters vy, ..., v, (v; =
res,;by(2)).

Fix aset 8 (6; ¢ Z) and consider an (n-dimensional) integral manifold M of the system §,(6). Due to Okamoto’s
theorem [8], Fuchsian equations corresponding to points (a, u, v) € M have the same monodromy.' Inversely, points (a, u, v)
corresponding to Fuchsian equations with the same monodromy lie on the integral manifold of the system §,(6).

1 This property is defined precisely in Section 3.
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