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Abstract

In this paper, we extend and solve théiing-type problem for spacelike, zero mean curvature sur-
faces in the Lorentz—Minkowski four-dimensional spaéeAs an application we establish symmetry
principles for this class of surfaceslit and construct new examples.
© 2005 Elsevier B.V. All rights reserved.

PACS: 02.40-k; 03.30.+p
MSC: 53A10; 53C42; 53C50

JGP SC: Differential geometry

Keywords: Lorentz—Minkowski space; Minimal surfaces; Symmetries; Holomorphic extensions; Riemann surfaces

1. Introduction

It is well known that spacelike, zero mean curvature surfacekdimepresent lo-
cally a maximum for the area integrfil5,7] and also that they admit a Weierstrass-

* Corresponding author. Tel.: +55 11 30916176; fax: +55 11 30916183.

E-mail addresses: asperti@ime.usp.br (A.C. Asperti); vilhena@ime.usp.br, javilhena@yahoo.com.br
(J.A.M. Vilhena).

0393-0440/$ — see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.geomphys.2005.01.006



A.C. Asperti, JAM. Vilhena / Journal of Geometry and Physics 56 (2006) 196-213 197

type representatiof21,22] But the spacelike, zero mean curvature surfaces®inrep-
resent locally the maximum (resp. minimum) for the area integral, if the normal vari-
ation is made in the timelike (resp. spacelike) direct[@®]. For these surfaces we
also have Weierstrass-type representaf®i2]. An important difference between the
global theory of spacelike, zero mean curvature surfaces®imnd of the global the-

ory of spacelike, zero mean curvature surfaced.fnis established by the so-called
Calabi-Bernstein theorem. It states that a complete spacelike, zero mean curvature sur-
face in L% is a plane[7,8]. However, this result cannot be extendedlib, n > 4

[11].

In the three-dimensional Euclidian spak®, given a real analytic strip (s&ection 3,
the classical Bjrling problem[9,16] was proposed by Byling [6] in 1844 and consists
of the construction of a minimal surface B® containing the strip in the interior. The
solution for this problem was given by SchwarZ2%] by means of a explicit formula in
terms of the prescribed strip. This formula gives a beautiful method, besides the Weierstrass
representatiof4], to construct minimal surfaces with interesting properties. For example,
properties of symmetry.

The equivalent problem in the Lorentz—Minkowski three-dimensional space was pro-
posed and solved, using a complex representation formula develop&d The authors
introduced the local theory of spacelike, zero mean curvature surfaé€siina different
way of that given irf21,22]through the Weierstrass representation. They constructed new
examples of space like, zero mean curvature surfaces, gave alternative proofs of the charac-
terization of the spacelike, zero mean curvature surfaces of revolution and the ruled surfaces
in L3 and proved symmetry principles for those surfaces. We can also find in the work of
Galvez and Mird13], the version of Bjrling problem in the hyperbolic three-dimensional
spaceH?. In that paper the authors constructed the unique mean curvature one surface in
H2 that passes through a given curve with a given unit normal along it, and provide diverse
applications.

In Euclidian four-dimensional space, theoBjng problem for minimal surfaces was
proposed and solved 4], see alsd2], from a complex representation formula. In that
work the authors also recovered the symmetry principles of minimal surfaBéiotained
by Eisenhar{10].

In this paper, motivated by results and techniqueflef,12] we introduce the local
theory of spacelike, zero mean curvature surfacds®jnusing a complex representation
formula — seeTheorem 3.1- that describes the local geometry of these surfaces. This
formula is used to solve the &ijling problem irlL4, which is illustrated with two examples.

As another consequence Bheorem 3.1we recover the representation formulae of the
Bjorling problem for minimal surfaces iR® and spacelike, zero mean curvature surfaces
in 3. We also recover the symmetry principles for these surfaces. Finally, we study the
symmetry principles for the spacelike, zero mean curvature surfaéésand present new
examples.

It is not difficult to see that the results in this paper can be extended to spacelike, zero
mean curvature surfaceslitt, n > 4. Here we restricted the problem to the case 4
because the formulae and statements are more concise in this case. Also, the-cagte
is the simplest example of a relativistic spacetime.
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