
Physica D 318–319 (2016) 100–104

Contents lists available at ScienceDirect

Physica D

journal homepage: www.elsevier.com/locate/physd

Stirring a fluid at low Reynolds numbers: Hydrodynamic collective
effects of active proteins in biological cells
Raymond Kapral a,b, Alexander S. Mikhailov c,d,∗

a Chemical Physics Theory Group, Department of Chemistry, University of Toronto, Toronto, ON M5S 3H6, Canada
b Institut für Theoretische Physik, Technische Universität Berlin, 10623 Berlin, Germany
c Department of Mathematical and Life Sciences, Hiroshima University, Hiroshima 739-8526, Japan
d Abteilung Physikalische Chemie, Fritz-Haber-Institut der Max-Planck-Gesellschat, 14195 Berlin, Germany

h i g h l i g h t s

• Stirring of fluids at low Reynolds numbers by a population of active force dipoles is considered.
• Advection of passive particles in the resulting fluctuating fluid flows is discussed.
• Diffusion enhancement and drift of the particles due to such advection are investigated.
• Application of the results to problems of diffusion in biological cells is made.
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a b s t r a c t

Most of the proteins in the cell, including not only molecular motors andmachines, but also enzymes, are
active. When ATP or other substrates are supplied, these macromolecules cyclically change their confor-
mations. Therefore, they mechanically stir the cytoplasm and nucleoplasm, so that non-thermal fluctu-
ating flows are produced. As we have recently shown (Mikhailov and Kapral, 2015), stochastic advection
by such flows might lead to substantial diffusion enhancement of particles inside a living cell. Addition-
ally, when gradients in the concentrations of active particles or in the ATP/substrate supply are present,
chemotaxis-like drift should take place. Here, the motion of passive tracers with various sizes in a mix-
ture of different kinds of active proteins is analyzed. Moreover, effects of hydrodynamic interactions on
the motion of active proteins are explored. Theoretical results are compared with available experimental
data for ATP-dependent diffusion of natural and microinjected particles in biological cells.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Although it is well known that molecular motors play a variety
of crucial roles in the biochemistry of the cell, and that some
motors function as cargo carriers to transport material, it is usually
assumed that the transport properties of most chemical species in
the cell are given by the values they take in systems at equilibrium.
For example, the diffusion coefficient of proteins and other species
are often estimated by the Stokes–Einstein formula. Of course,
biochemistry and transport in the cell do not occur in equilibrium
conditions. Fuel in the form of substrates such as adenosine
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triphosphate (ATP) must be supplied to maintain activity. There
is a growing body of experimental evidence that diffusion is
enhanced in nonequilibrium environments that support protein
activity [1–3]. Several mechanisms have been suggested to
account for this enhancement [4–6]. For example, molecular
motors walking on filaments can generate nonequilibrium forces
that could modify both the cytoskeletal network and transport
properties of species in the cell [4,5]. In vitro experiments [7,8] have
shown diffusion enhancement due to simple protein enzymatic
activity and possible mechanisms for this behavior have been
discussed [9]. Recently we proposed another mechanism that can
give rise to enhanced diffusion as a result of the nonequilibrium
conformational fluctuations induced by enzymatic activity [10].

When fluids are macroscopically stirred, turbulence with high
Reynolds numbers develops. In a cascade, energy is transferred
from long to short wavelengths and eventually dissipated on the
shortest scales. Advection of passive particles by turbulent flows is
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known to strongly affect kinetic processes; for instance, diffusion
of pollutants in the air is almost entirely due to turbulent advection
effects [11]. On microscopic scales typical for a biological cell, the
flows are always characterized by low Reynolds numbers [12] and
turbulence cannot exist. Nonetheless, fluids can still be stirred
on such scales. Moreover, stirring naturally occurs whenever an
active protein or othermacromolecule cyclically changes its shape.
Collectively, active proteins in a living cell generate non-thermal
fluctuating flows that can be viewed as analogs of macroscopic
turbulence on long length scales. We have shown [10] that such
fluctuating flowsmay lead to substantial diffusion enhancement in
the cytoplasmand in biomembranes. Furthermore,when gradients
in concentrations of active proteins (or of ATP/substrate supply)
are present, chemotaxis-like drift of passive particles will take
place [10].

In thenext section, a brief outline of previous results is given. Af-
ter that, we consider in Section 3 themotion of tracers in amixture
of active proteins of different kinds. Here, the dependence of diffu-
sion enhancement and drift of tracers on their size is discussed.
Moreover, the evolution of the tracer concentration distribution
with time is analyzed and the final stationary distribution of pas-
sive tracers in the medium with a given distribution of active pro-
teins is constructed. In Section 4, a comparison of our theoretical
results with the experimental data on the ATP-dependent diffu-
sion phenomena in biological cells is made. Section 5 deals with
collective evolution of active proteins as affected by hydrodynamic
interactions between them. The paper ends with conclusions and
discussion of the perspectives for future research.

2. Active proteins as hydrodynamic force dipoles

The cellular cytoplasm is crowded with active proteins of var-
ious kinds. Active proteins undergo mechanochemical conforma-
tional changes in their cyclic operation, which are induced by
substrate binding and product release. In motor proteins this cat-
alytic activity plays only an auxiliary role by inducing conforma-
tional changes that are needed for the operation of a particular
protein machine. Most true enzymes also execute mechanochem-
ical motions within their turnover cycles. Through conformational
changes resulting from such motions, substrates can be brought
into optimal positions for catalytic conversion to products and
the release of products can be facilitated. Even the structural pro-
tein actin that forms the cytoskeleton, and therefore is present in
large amounts inside a cell, undergoes ligand-induced conforma-
tional changes,with the conformations of actinmonomers strongly
dependent on whether ATP or ADP is bound [13]. A database of
ligand-induced conformational motions in many proteins is avail-
able [14].

The change in shape of a protein is due to internal molecular
forces that act on its different parts. In solution, any shape change
of a macromolecule is also accompanied by forces acting on the
surrounding fluid. Since inertia is negligible in the regime of low
Reynolds numbers characteristic for microscales, the forces are
always balanced. This means that any force applied to a particle
is exactly compensated by the viscous force acting on it. Thus, the
same forceswhich lead to conformational changes in a protein also
act on the fluid around it.

If a force is locally applied to a fluid, it induces hydrodynamic
flows that extend far from the point where the force was applied.
Passive particles are advected by such flows; hence, application
of a force at one point induces motions of particles (tracers) in
the fluid at a distance from it. Hydrodynamics at low Reynolds
numbers is linear and the local velocity of the flow is proportional
to the applied force. The instantaneous relationship between the
force F applied at point R and the flow velocity V at point R + r
is determined by the mobility tensor Ĝ(r), so that V(R + r) =

Ĝ(r)F(R). In three dimensions, for sufficiently large distances r ,
Ĝ(r) is given by the Oseen tensor, which varies as 1/r .

Suppose that two forces F and −F, equal in magnitude and
opposite in direction, are applied to the fluid at two points
separated by vector e of length x along the direction of the force.
The resulting flow is the superposition of the flows created by
the individual forces. At large distance from the region where the
forces are applied, the velocity flow is approximately given by

Vα(R + r) =


β,γ=1,2,3

∂Gαβ(r)
∂rγ

eβeγm(R). (1)

Here, m = Fx defines the force dipole. The 3D flow field of the
force dipole falls as 1/r2 for large r . It can be shown [15] that, at
large separations, almost any object that changes its shape will
create a fluid flow corresponding to some force dipole. Therefore,
Eq. (1) can be applied more generally than its derivation might
indicate. Note furthermore that Eq. (1) is invariant with respect to
the transformation e → −e, so that the sign of this vector can be
arbitrarily chosen.

An active protein repeatedly changes its conformation and
therefore it corresponds to some stochastic force dipole,m(t). The
time average of this force dipole vanishes, ⟨m(t)⟩ = 0, because
the conformational changes are cyclic. Thus, the fluctuating force
dipoles of active proteinsmay be characterized by their correlation
function,

S(t − t ′) = ⟨m(t)m(t ′)⟩. (2)
Using this function, the integral intensity S =


∞

0 S(τ )dτ and the
frequency spectrum of force dipoles,

S(ω) =


∞

−∞

S(τ )e−iωτdτ , (3)

can be defined. Although the correlation functions of force dipoles
depend on the specific proteins under consideration, and they
should be experimentally determined or numerically computed
for each type of protein, they possess some general characteristic
features.

In the absence of substrate (ATP) supply, cyclic activity will
disappear and the protein will be in a state of thermal equilibrium.
In this state, only thermal conformational fluctuations are present
and they are characterized by the equilibrium frequency spectrum
ST (ω) with intensity ST . When the substrate (ATP) supply is
switched on, the frequency spectrum and the force dipole intensity
will acquire additional contributions SA(ω) and SA, so that
S(ω) = ST (ω) + SA(ω), S = ST + SA. (4)

The active part SA of the force dipole intensity should depend
on the substrate (ATP) concentration, cS , so that SA = SA(cS). The
precise form of the concentration dependencemust be determined
for each protein. At low substrate concentrations, the proteinmust
wait some length of time until a substrate molecule binds and
the next cycle begins. During this waiting period, the protein is
in a quasi-equilibrium state that does not contribute to the active
component SA of the force dipole intensity. Therefore, it should
be expected that SA will be proportional to cS at low substrate
concentrations. On the other hand, the force dipole activity SA
should saturate at high substrate concentrations. In this limit, the
protein is able to immediately bind a new substrate molecule and
begin a new catalytic cycle once the previous cycle is complete. In
this case, the waiting time is vanishingly short.

Generally, the dependence of SA on substrate concentration
takes the form
SA(cs) = S0W (cs) (5)
where S0 is the saturation value andW (cs) is a function that is pro-
portional to the concentration at low substrate levels and reaches
a saturation value of unity at high substrate concentrations.
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