Vol. 76 (2015) REPORTS ON MATHEMATICAL PHYSICS No. 3

HAMILTON-JACOBI THEORY IN CAUCHY DATA SPACE

CEDRIC M. CAMPOS

Dept. Matematica Aplicada e IMUVA; Fac. Ciencias, UVA,
Paseo de Belén 7; 47011 Valladolid, Spain
(e-mail: cedricmc@uva.icmat.es)

MANUEL DE LEON, DAVID MARTIN DE DIEGO and MIGUEL VAQUERO

Instituto de Ciencias Matemadticas (CSIC-UAM-UC3M-UCM),
Calle Nicolas Cabrera 13-15; 28049 Madrid, Spain
(e-mails: mdeleon@icmat.es, david.martin@icmat.es, vaquero@icmat.es)

(Received April 22, 2015 — Revised July 6, 2015)

Recently, M. de Ledén et al. [8] have developed a geometric Hamilton—Jacobi theory for
classical fields in the setting of multisymplectic geometry. Our purpose in the current paper is
to establish the corresponding Hamilton—Jacobi theory in the Cauchy data space, and relate both
approaches.
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1. Introduction

Multisymplectic geometry is the natural arena to develop classical field theories
of first order. Indeed, a multisymplectic manifold is a natural extension of symplectic
manifolds, and in addition, the canonical models for multisymplectic structures are
just the bundles of forms on a manifold in the same vein that cotangent bundles
(1-forms) provide the canonical models for symplectic manifolds.

One can exploit this parallelism between classical mechanics and classical field
theories but one should go very carefully. Indeed, instead of a configuration manifold,
we have now a configuration bundle m E — M such that its sections are the fields
(the manifold M represents the space-time manifold). The Lagrangian density depends
on the space-time coordinates, the fields and its derivatives, so it is very natural
to take the manifold of 1-jets of sections of 7, J'm, as the generalization of the
tangent bundle in classical mechanics; then a Lagrangian density is a fibered mapping
LJ'm — A™'M (we are assuming that dimM = m + 1). From the Lagrangian
density one can construct the Poincaré—Cartan form which gives the evolution of
the system.
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On the other hand, the spaces of 1- and 2-horizontal (m + 1)-forms on E with
respect to the projection m, denoted respectively by A’1”+1E and A'Q"HE , are the
arena where the Hamiltonian picture of the theory is developed. To be more precise,
the phase space is just the quotient

m+1 m+1
M = AT E/ATTE

and the Hamiltonian density is a section of A’2"+]E — M°°x (the Hamiltonian
function H appears when a volume form n on M is chosen, such that H = H 7.
The Hamiltonian section 7/ permits just to pull-back the canonical multisymplectic
form of AT“E to a multisymplectic form on M.

Of course, both descriptions are related by the Legendre transform which sends
solutions of the Euler—Lagrange equations into solutions of the Hamilton equa-
tions. One important difference with the case of mechanics is that now we are
dealing with partial differential equations and we lost in principle the integrability.
In any case, the solutions in both sides are interpreted as integral sections of
Ehresmann connections. For a detailed account of the multisymplectic formalism
see [3, 6-8, 10, 11, 14, 15, 18, 19, 22, 24].

The Hamilton-Jacobi problem for a Hamiltonian classical field theory given by
a Hamiltonian H consists in finding a family of functions S = S'(x’, u®) such that

L 1
9 H (xi,u"‘, 03 ) = f(x") (1)
ax! ou®

for some function f(x’). Here (x',u®) represent bundle coordinates in E and (x’)
are coordinates in M.

In [8] the authors have developed a geometric Hamilton—Jacobi theory in the
context of multisymplectic manifolds. The procedure used there is an extension of
that used in [1], but now considering Ehresmann connections instead of vector fields
as solutions of the Hamilton equations. Let us notice that an alternative approach
to the Hamilton—Jacobi theory for classical field theories has been developed in the
context of k-symplectic and k-cosymplectic structures (see [9, 12, 13]).

One attempt to develop a combined formalism (k-symplectic and k-cosymplectic)
can be found in [16, 17].

As it is well known (see [3, 18]) there is an alternative way to study classical field
theories, in an infinite-dimensional setting. The idea is to split the space-time manifold
M in the space and time pieces. To do this, we need to take a Cauchy surface, that is, an
m-dimensional submanifold N of M such that (at least locally) we have M = R x N.
So, the space of embeddings from N to M°m is known as the Cauchy space of data for
a particular choice of a Cauchy surface. This allows us to integrate the multisymplectic
form on M°n to the Cauchy data space and obtain a presymplectic infinite-dimensional
system, whose dynamics is related to the de Donder—Hamilton equations for H.

The aim of the paper is to show how we can “integrate” a solution of the
Hamilton—Jacobi problem for H in order to get a solution for the Hamilton—Jacobi
problem for the infinite-dimensional presymplectic system.
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