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h i g h l i g h t s

• A modified mapping method for NPDEs.
• Variable separation solution for the 3 + 1D Burgers equation.
• Elastic interactions between rectangle and ring solitons on background.
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a b s t r a c t

With the help of amodifiedmappingmethod, we re-study the (3+1)-dimensional Burgers
equation andderive three families of variable separation solutions. By selecting appropriate
functions in the variable separation solution, we discuss interaction behaviors among
flat-top rectangle-soliton and ring-soliton, embedded rectangle-soliton and embedded
ring-soliton in a periodic wave background. All interaction behaviors among them are
completely elastic, and no phase shift appears after the interaction. These results might
be helpful to the understanding of the propagation processes for nonlinear water waves in
fluid mechanics such as diverse nonequilibrium, nonlinear phenomena in turbulence and
inter-face dynamics.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

In the past decades, shallow water waves and a host of long wave phenomena are commonly investigated by various
models of nonlinear partial differential equations (PDEs). Many effective methods were established to solve these nonlinear
PDEs, such as the inverse scattering method [1,2], Hirota method [3], the similarity transformation method [4] and F-
expansion method [5], etc. In linear mathematical physics, the Fourier analysis and the variable separation approach
(VSA) are two most universal and powerful tools to investigate linear PDEs. As the counterpart of the Fourier analysis,
the celebrated inverse scattering method [1,2] plays an important role in analyzing nonlinear wave dynamics in nonlinear
mathematical physics. The VSA [6–14] to solve nonlinear PDEs has also been established. The direct and simple one is the
VSA based on themappingmethod [8,9], which has different forms including the improved projective approach [10,11], the
q-deformed hyperbolic functions method [12] and the projective Riccati equation method [13,14].

Based on various variable separation solutions, abundant localized coherent structures have been investigated. In
1 + 1 dimension [15], several typical soliton structures, including bell-type, kink-type, peaked, compacted, W-shaped
type, M-shaped type and loop solitons etc., have been discussed. In 2 + 1 dimension [14], rich novel localized coherent
structures, such as dromion, peakon, compacton, foldon, nonpropagating solitons, instanton, ghoston, lump and ring
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solitons, oscillating soliton, fractal and chaotic solitons, etc., have been investigated. In 3+1 dimension, some exotic localized
coherent structures, e.g. paraboloid-type soliton and dipole-type dromion [16], doubly periodic wave solutions [17], coaxial
cylindraceous solitons [18], embedded soliton [19] and plateau like soliton on the kink background [20] and so on, have also
been extensively studied. Compared with soliton structures of 1 + 1 and 2 + 1 dimensions, those of 3 + 1 dimension are
more important since the real space is three dimension. However, 3+1 dimensional structures were relatively less reported
than 1+1 and 2+1 dimensional structures in the previous literature, and thus there are still many interesting issues worth
studying further.

Now there are several interesting issues that arise, i.e. whether other mapping equation can be used to obtain variable
separation solutions of some (3+1)-dimensional nonlinear physics systems. Can we discuss some new (3+1)-dimensional
dynamical behaviors based on these variable separation solutions? In order to answer these issues, we study the following
well-known (3 + 1)-dimensional Burgers equation:

ut = 2uuy + 2vux + 2wuz + uxx + uyy + uzz, (1)
ux = vy, uz = wy, (2)

as a concrete example. This equation describes the propagation processes for nonlinear waves in fluid mechanics such as
diverse nonequilibrium, nonlinear phenomena in turbulence and inter-face dynamics. If u is z-independent (or z = x;w =

u), (2) will be degenerated to the known (2+1)-dimensional Burgers equation. Furthermore, if u is both z-independent and
y-independent (or y = z = x; v = w = u), Eq. (2) is just the well-known (1 + 1)-dimensional Burgers equation which is
widely applied in many scientific fields. An alternative potential form of Eq. (2) is obtained from the invertible deformation
of the heat conduction equation [21]. In Refs. [16,19,22], authors extended the VSA to this system.

2. The modified mapping method

For a given nonlinear PDE with independent variables x = (x0 = t, x1, x2, x3, . . . , xm), and dependent variable u,

L(u, ut , uxi , uxixj , . . .) = 0, (3)

where L is in general a polynomial function of its argument, and the subscripts denote the partial derivatives.
The basic idea of the mapping method is to seek for its ansätz

u = a0(x)+

n
i=1


ai(x)φi

[q(x)] +
bi(x)
φi[q(x)]

+ ci(x)φi−1
[q(x)]


φ′[q(x)]


, (4)

where ai, bi, ci are arbitrary functions of {x} to be determined and n is fixed by balancing the linear term of the highest
order with the nonlinear term in Eq. (3), φ satisfies a mapping equation [7–11] and q is an arbitrary function of {x}. Here the
superscript i indicates the power of φ and the prime denotes differentiation with respect to q.

Note thatmanymapping equations forφ have been used, such as the Riccati equationφ′
= l0+φ2 (l0 is a constant) [7–9],

φ′
= σφ + φ2 (σ is a constant) [10,11] and φ′

= l1 + l2φ2 (l1 and l2 are two constants) [23]. Here we seek for its solution of
the given nonlinear PDE (3) with a mapping equation [24]

φ′
= (Aφ − C)(Bφ − D), (5)

which is known to possess the general solution

φ =
D exp[(BC − AD)q] − C exp[C1(AD − BC)]
B exp[(BC − AD)q] − A exp[C1(AD − BC)]

. (6)

Here C1 is an integration constant, further, A, B, C and D are arbitrary constants.
To determined u explicitly, we take the following three steps:

Step 1: Determine n by balancing the highest nonlinear terms and the highest-order partial differential terms in the given
nonlinear PDE (3).

Step 2: Substituting Eq. (4) alongwith Eq. (5) into Eq. (3) yields a set of polynomials forφi√φ′. Eliminating all the coefficients
of the powers of φi√φ′ yields a series of partial differential equations, fromwhich the parameters ai, bi, ci and q are
explicitly determined.

Step 3: Substituting ai, bi, ci, q and Eq. (6) into Eq. (4), one can obtain possible solutions of Eq. (3).

3. Variable separation solutions for the (3 + 1)-dimensional Burgers equation

Along with the modified mapping method in Section 2, by balancing the highest-order derivative terms with the
nonlinear terms in Eq. (2), we suppose that it has the following formal solutions:
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