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We study theoretically the spatiotemporal response of a lipid membrane submitted to a local chemical
change of its environment, taking into account the time-dependent profile of the reagent concentration
due to diffusion in the solution above the membrane. We show that the effect of the evolution of the reagent
concentration profile becomes negligible after some time. It then becomes possible to extract interesting
properties of the membrane response to the chemical modification. We find that a local density asymmetry
between the two monolayers relaxes by spreading diffusively in the whole membrane. This behavior is driv-
en by intermonolayer friction. Moreover, we show how the ratio of the spontaneous curvature change to the
equilibrium density change induced by the chemical modification can be extracted from the dynamics of the
local membrane deformation. Such information cannot be obtained by analyzing the equilibrium vesicle
shapes that exist in different membrane environments in light of the area-difference elasticity model.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

During cell life,membranes are submitted to an inhomogeneous and
variable environment. Local inhomogeneities can be strongly related to
biological processes, which has led to experiments investigating the ef-
fect of local modifications on biomimetic membranes [1]. For instance,
in the inner membrane of mitochondria, the enzymes that use the
local pH difference across the membrane to synthesize adenosine tri-
phosphate, the cell's fuel, are located in membrane invaginations called
cristae [2]. Experiments on model lipid membranes have shown that a
local pH change can induce a local dynamical membrane deformation
[3–7], and in particular the formation of cristae-like invaginations [3]:
membrane shape is tightly coupled to local pH inhomogeneities.
Other concentration inhomogeneities in the environment of a cell
have a crucial biological role, for instance in chemotaxis or in paracrine
signaling. It is therefore of great interest to study the response of a bio-
logical membrane to a local modification of its environment.

Motivated by experiments conducted on biomimetic membranes,
we have developed a theoretical description of the dynamics of a lipid
bilayer membrane submitted to a local concentration increase of a
substance that reacts reversibly and instantaneously with the mem-
brane lipid headgroups. We focus on the regime of small deforma-
tions, and we treat linear membrane dynamics in the spirit of Ref.
[8]. While our first works focused on the simple case of a constant
modification of the membrane involving only one wavelength [4,5],
we have recently extended our theoretical description in order to

take into account the spatiotemporal profile of the fraction of chemi-
cally modified lipids resulting from the local reagent concentration
increase [7]. This profile is determined by the diffusion of the reagent
in the solution that surrounds the membrane. In Ref. [7], we compared
the predictions of this theoretical description to experimentalmeasure-
ments of the deformation of themembrane of giant unilamellar vesicles
caused by localmicroinjection of a basic solution, andwe obtained good
agreement between theory and experiment.

In the present article, we pursue the theoretical investigation of the
effect of a local chemical modification on a lipid membrane. In general,
the dynamics that results from a local reagent concentration increase is
quite complex, as it involves the evolution of the reagent concentration
profile simultaneously as the response of themembrane. This is the case
in the experimental data analyzed in Ref. [7], which corresponds to mi-
croinjection steps lasting a few seconds. Here, we show that the effect of
the evolution of the reagent concentration profile on themembrane dy-
namics becomes negligible some time after the beginning of the reagent
concentration increase, after what the dynamics corresponds to the
response of the membrane to a chemical modification imposed instan-
taneously.Wefind that studying this regime enables to extract interest-
ing properties of the membrane response.

The article is organized as follows. First, in Section 2, we review
the linear dynamics of a membrane submitted to a local chemical
modification. Then, in Section 3, we study separately the dynamics as-
sociated with each of the two effects that can arise from a chemical
modification, namely a spontaneous curvature change and an equilib-
rium density change of the external monolayer. We find that a local
asymmetric density perturbation between the two monolayers of
the membrane relaxes by spreading diffusively in the whole mem-
brane. Intermonolayer friction plays a crucial part in this behavior.
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Subsequently, in Section 4, we treat the general case where both ef-
fects are present, and we show how the ratio of the spontaneous cur-
vature change to the equilibrium density change induced by the local
chemical modification can be extracted from the dynamics. This ratio
cannot be deduced from the study of global modifications of vesicle
equilibrium shapes in light of the area-difference elasticity model
[9]. Finally, Section 5 is the conclusion.

2. Dynamics of a chemically modified membrane

For the article to be self-contained, the present section reviews the
linear dynamics of a membrane submitted to a local chemical modifi-
cation, starting from first principles. The main points of this descrip-
tion were presented in Ref. [7]. In that article, we compared
theoretical predictions to experimental measurements of the defor-
mation of a membrane submitted to a local and brief pH increase.
Here, our aim will be to go further in the analysis of our theoretical
description in order to understand the fundamental properties of
the response of a membrane to a local chemical modification.

2.1. Monolayer free energy

Our description of the bilayer membrane is based on a local ver-
sion of the area-difference elasticity membrane model [8,10,11]. We
focus on small deformations of an infinite flat membrane, and we de-
note the upper monolayer by + and the lower one by −.

In the absence of a chemical modification, the local state of each
monolayer is described by two variables: the local total curvature c
defined on the membrane midlayer, which is common to both mono-
layers, and the local scaled density r±=(ρ±−ρ0)/ρ0, defined on the
midlayer of the membrane, ρ0 being a reference density. The sign
convention for the curvature is chosen in such a way that a spherical
vesicle has cb0. The free energy f± per unit area in monolayer±reads
[11]:

f� ¼ σ0

2
þ κ

4
c2 � κc0

2
cþ k

2
r� � ec
� �2

; ð1Þ

where σ0 represents the tension of the bilayer and κ its bending mod-
ulus, while k is the stretching modulus of a monolayer, and e denotes
the distance between the neutral surface [12] of a monolayer and the
midsurface of the bilayer. As we assume that the two monolayers of
the membrane are identical before the chemical modification, these
constants are the same for both monolayers. The spontaneous curva-
tures of the two monolayers have the same absolute value c0 and op-
posite signs, since their lipids are oriented in opposite directions. The
expression for f± in Eq. (1) corresponds to a general second-order ex-
pansion in the small dimensionless local variables r± and ec, around
the reference state which corresponds to a flat membrane with uni-
form density ρ±=ρ0. It is valid for small deformations around this
reference state: r±=O(�) and ec=O(�), where � is a small dimen-
sionless parameter used for bookkeeping purposes, which character-
izes the amplitude of the small deformations of the membrane
around the reference state. Mathematically, � is considered infinitesi-
mal. Note that in general, both c and r±, which describe local small
deformations around the reference state, are functions of time and
of position on the membrane.

Let us now focus on the way the membrane free energy is affected
by the local chemical modification. We consider that the reagent
source, which corresponds to the micropipette tip in an experiment,
is localized in the water above the membrane. Besides, membrane
permeation and flip-flop are neglected given their long timescales.
Hence, the chemical modification only affects the upper monolayer,
i.e., monolayer +, and not the lower one. Let us denote by ϕ the
local mass fraction of the lipids of the upper monolayer that are
chemically modified: ϕ depends on time and position since it arises

from the local chemical modification. We assume that the reagent
concentration is small enough for ϕ to remain small at every time
and position on the membrane, and we characterize this smallness
through ϕ = O(�). In order to describe the chemically modified mem-
brane, we have to include the third small variable ϕ in our second-order
expansion of f+. We obtain [11]:

fþ ¼ σ0

2
þ σ1ϕþ σ2

2
ϕ2 þ σ̃ 1þ rþ

� �
ϕ ln ϕþ κ

4
c2

þ κ
2

c0 þ c̃0ϕð Þcþ k
2

rþ þ ec
� �2

;

ð2Þ

where the constants σ1, σ2, and c̃0 describe the response of the mem-
brane to the chemical modification. These constants depend on the re-
agent that is injected. Their physical meaning will be explained in the
next paragraph. Besides, the non-analytical mixing entropy term
σ̃ 1þ rþ
� �

ϕ lnϕ has been added to our second-order expansion [11].
Note that we assume that the three small dimensionless local variables
ϕ, r± and ec are of the same order. In fact, in the present work, the de-
formation of the membrane and the density variation are caused by
the local chemical modification, i.e., they are a response to ϕ, which jus-
tifies that ec and r± are of the same order as ϕ. We refer the reader to
Ref. [11] for more details on the derivation of Eqs. (1) and (2).

The effect of the chemical modification (i.e., of ϕ) on the upper
monolayer is twofold. First, the scaled equilibrium density on the
neutral surface of the upper monolayer is changed by the amount
σ1ϕ/k to first order. Second, the spontaneous curvature of the upper
monolayer is changed by the amount −�c0ϕ to first order, with
�c0 ¼ c̃0 þ 2σ1e=κ . These results are obtained by minimization of the
free energy of a homogeneous monolayer with constant mass (see
Appendix A). Hence, the constants σ1 and �c0 describe the linear re-
sponse of the monolayer equilibrium density and of its spontaneous
curvature, respectively, to the chemical modification. This explains
the physical meaning of the constants σ1 and c̃0 in Eq. (2). Note
that σ2 corresponds to the quadratic response of the membrane to
the chemical modification, but it will not have any relevant effect in
the following.

2.2. Dynamical equations

The elastic force densities in a monolayer described by the
free-energy densities in Eqs. (1) and (2) have been derived in Ref.
[11] to first order in �, using the principle of virtual work. As we
focus on small deformations of an infinite flat membrane, it is conve-
nient to describe it in the Monge gauge by the height z=h(r), r∈R2,
of its midlayer with respect to the reference plane z=0. Then, ec=
e∇ 2h to second order. Such a description is adapted to practical cases
where the distance between the reagent source and the membrane is
much smaller than the vesicle radius. The force per unit area of the ref-
erence plane, whichwe call “force density”, then reads to first order in ε

pþ
t ¼ −k∇ rþ þ e∇2h−σ1

k
ϕ

� �
; ð3Þ

p−
t ¼ −k∇ r−−e∇2h

� �
; ð4Þ

pz ¼ σ0∇
2h−κ̃∇4h−ke∇2ra−

κ�c0
2

−σ1e
� �

∇2ϕ; ð5Þ

where pt± is the tangential component of the force density inmonolayer
“±”, while pz=pz

++pz
− is the total normal force density in the mem-

brane. In these formulas, we have introduced the antisymmetric scaled
density ra=r+−r−, and the constant κ̃ ¼ κ þ 2ke2. These expressions
show that both the equilibrium density change and the spontaneous cur-
vature change (i.e., both σ1 and �c0) can yield a normal force density, and
thus a deformation of the membrane, while only the equilibrium density
change can yield a tangential force density and induce tangential lipid
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