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In this article we derive applicable expressions for the macroscopic compliance and resistance of microvascular
networks. Thiswork yields a lumped-parametermodel to describe the hemodynamics of capillary beds. Our der-
ivation takes into account themultiscale nature of capillary networks, the influence of blood volumeand pressure
on the effective resistance and compliance, as well as, the nonlinear interdependence between these two prop-
erties. As a result, we obtain a simple and useful model to study hypotensive and hypertensive phenomena. We
include two implementations of our theory: (i) pulmonary hypertension where the flow resistance is predicted
as a function of pulmonary vascular tone. We derive from first-principles the inverse proportional relation be-
tween resistance and compliance of the pulmonary tree, which explains why the RC factor remains nearly con-
stant across a population with increasing severity of pulmonary hypertension. (ii) The critical closing pressure
in pulmonary hypotension where the flow rate dramatically decreases due to the partial collapse of the capillary
bed. In both cases, the results from our proposed model compare accurately with experimental data.

© 2015 Elsevier Inc. All rights reserved.

Introduction

For a model of the circulatory system to be useful, it must incorporate
accurate estimates of the elastic compliance and flow resistance of vascu-
lar components. These two properties govern hemodynamic characteris-
tics such as the propagation of pressures waves in the arterial tree, the
pressure drop across capillary beds, and the distribution of the cardiac
output to the organs. Lumped-parameter or Windkessel models are
often used to describe the dynamics of these systems, by simplifying the
governing equations of hemodynamics, in local regions or the entire cir-
culatory system, into a set of linear differential equations (Westerhof
et al., 2009; Shi et al., 2011). These models may have one or several com-
partments. In turn, each compartment is described by a combination of
resistance R, compliance C and inertance I, leading to differential equa-
tions of the form

I
dQ
dt

þ RQ ¼ Pin−Pout and C
dP
dt

¼ Q in−Qout; ð1Þ

for the pressure P and flow rate Q. In such models, it is common to ap-
proximate the resistance, compliance and inertance parameters of the
vascular elements as separate constants.While linearWindkessel models
have provided a framework for understanding many circulatory

phenomena, they are inherently limited to the fixed conditions defined
by their parameters.

In reality vascular compliance and resistance are dynamic properties
whose values depend on each other. Moreover, the hemodynamic prop-
erties of a given capillary bed also depend on the conditions of other
major capillary beds in the circulatory system. Such global interaction
may follow from redistribution of blood volume due to vasoconstriction,
from variations of cardiac output (natural or induced), from surgical
changes in circulatory anatomy, etc. We claim that most of the currently
employed lumped-parameter models of the circulatory system do not
take into account suchunavoidable interactions andmay fail to realistical-
ly simulate the circulatory system under pathological or abnormal
conditions.

In this article, we propose a novel derivation of the effective resis-
tance and compliance of capillary beds. This derivation is carried out
from the basic principles of mechanics which take into account the in-
fluence of blood volume/pressure on the resistance and compliance, as
well as, the nonlinear interdependence between these two properties.
As a result, we obtain a single effective model for studying hypo- and
hyper-tensive phenomena in regimes where the assumption of con-
stant values for resistance and compliance is no longer appropriate. By
effective we mean results that depend only on macroscopic quantities
such as pressure, volume, viscosity, etc. The goal is to lumpmicroscopic
properties into correction factors while respecting the underlying phys-
ical laws governing these systems and avoiding large errors that could
arise from the naive manipulation of the multiscale nature of capillary
beds.
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Several different approaches have been considered for modeling the
microscopic architecture of capillary networks including fractal scaling
laws (Krenz et al., 1992; West et al., 1997; Kamiya and Takahashi,
2007; Huo and Kassab, 2012) and vascular imaging segmentation
(Molthen et al., 2004; Burrowes et al., 2005; Cassot et al., 2006;
Reichold et al., 2009; Smith et al., 2015). See also the reviews (Clough
et al., 2006; Tawhai et al., 2011; Tawhai and Bates, 2011). Although a
high level of fidelity may be achieved by accounting for detailed micro-
structure, it is at the expense of incorporating a large number of adjust-
able morphometric parameters which are often difficult to measure. In
contrast, our objective is to build a macroscopic model with the least
possible number of parameters while still providing a robust and accu-
rate solution.

We demonstrate that this novel model can describe both hyperten-
sive and hypotensive scenarios, and validate the model against clinical
measurements. In the case of pulmonary hypertension due to progres-
sive stiffening of pulmonary vessels (Wang and Chesler, 2011, 2013),
a reduction in pulmonary compliance eventually induces an increment
of vascular resistance. This inverse proportional relationship between
resistance and compliance is an example of the interdependence of
these two properties. Our model predicts the resistance as a function
of vascular stiffness. In turn, we explain from first-principles why the
RC-time of the pulmonary tree is nearly constant across a population
with increasing severity of pulmonary hypertension. This relationship
has been observed experimentally (Reuben, 1971; Lankhaar et al.,
2006, 2008; Saouti et al., 2010a), leading to other striking consequences
such as the proportionality between diastolic, systolic andmeanpulmo-
nary arterial pressure (Saouti et al., 2010a; Kind et al., 2011) and the
proportionality between the oscillatory and total power delivered by
the right ventricle (Saouti et al., 2010a,b). In the case of hypotension,
it is believed that critical closing pressure plays an important role in
the cessation of blood flow (Lopez-Muniz et al., 1968; Czosnyka et al.,
1999; Thees et al., 2002; Panerai, 2003; Varsos et al., 2013) resulting
in ischemia. Hence, it is imperative to account for this phenomenon in
a hemodynamic model. Experimental data indicates that capillary
beds experience a gradual collapse as the transmural pressure dimin-
ishes. This is a multiscale effect in which the mechanical action of a
large number of small vessels conspires to produce themacroscopic be-
havior of the entire bed. We propose an effective model to quantify the
partial collapse of a capillary bed and explain from first-principles the
pressure-flow curves observed from empirical data (Badeer and Hicks,
1992; Permutt et al., 1962; Graham et al., 1982). We acknowledge
that ourmodel is validated against experimental data for the pulmonary
microcirculation only. However, qualitatively similar behavior has
been observed for flow cessation in the liver (Mitzner, 1974; Brienza
et al., 1995), and in skeletal muscle of humans (Nielsen, 1983) and
Hamsters (Vollmar et al., 1999). It remains to performquantitative com-
parisons between our model and experimental data for these and other
organs.

This paper is structured as follows: Stochastic model of a capillary
bed Section contains a derivation of an effective stress–strain law for
the entire capillary bed. This derivation is carried out from the basic
stress–strain relation for compliant vessels taking into account their
ability to collapse when the transmural pressure is sufficiently small.
The effective stress–strain law is then employed in Effective
compliance and resistance Section to obtain the overall compliance
and resistance of the capillary bed. In Pulmonary hypertension Section,
we use ourmodel to replicate the experimentally observed inverse pro-
portional relationship between resistance and compliance in pulmo-
nary hypertension. Critical closing pressure Section contains concrete
examples of the effect of vascular collapse on the pressure-flow curves
of lungs. In both Sections Pulmonary hypertension and Critical closing
pressure, we compare our theoretical results with experimental data
found in the literature. Discussion Section concludes with a short dis-
cussion of the limitations of our model and its importance to physiolog-
ical and clinical applications.

Stochastic model of a capillary bed

In this section we set forth a model of a capillary bed as a stochastic
collection of connected vessels having physical properties characterized
by certain random distributions. The network is assumed to conserve
blood mass and to dissipate fluid momentum due to viscous friction
which is a dominant factor in microcirculation. The capillary bed is pa-
rametrized along the inlet-to-outlet direction by the variable x ∈ [0, L]
where L represents the circulatory length of the capillary bed. The geo-
metric dimensions of the vessels within the bed vary dramatically along
this longitudinal x-direction. We take into account this transition from
arterioles to capillaries to venules by considering vessels with changing
cross-sectional area. This cross-sectional area is allowed to vary many
orders of magnitude, that is, from (mm)2 to (μm)2 and back to (mm)2.
For each value of x, we consider a cross-sectional planewhich intersects
a number N(x) of vessels. This varying number also attains multiple
scales ranging from ~10 at the arterial entrance, to ~108 in the capillary
region, back to ~10 at the venous outlet of the bed. For each point x, the
elastic and geometric characteristics of the vessels on the cross-
sectional plane are modeled statistically with an abstract random vari-
able ω ∈ Ω(x). Here Ω(x) denotes a probability space representing the
variety of paths that a blood cell may take when traveling across the
capillary bed.

To obtain sufficiently accurate results, wemust correctly account for
transitions to and fromdisparate scaleswhich is oneofmajor challenges
in modeling the multiscale nature of microcirculation (Secomb and
Pries, 2011; Lee and Smith, 2012; Popel and Johnson, 2005). However,
in order to obtain simple expressions, we also tolerate uncertaintywith-
in one order of magnitude which we calibrate with certain correction
factors.We start from the basic relationship between pressure and radi-
us of a single vessel including its ability to collapse. Then, in thenext sec-
tion, we will appropriately scale up our model to obtain effective or
average properties. For a generic vessel, we assume the following ideal-
ized stress–strain law,

r−ro
ro

¼ γ P−Poð Þ if P−PoNPcr
−1 if P−Pob Pcr

�
ð2Þ

where P and Po represent the pressure inside and outside the vessel,
respectively. The wall compliance coefficient γ is of the form,

γ ¼ 1−σ2
� �

E
ro
ho

: ð3Þ

Here ho is wall-thickness and ro is the unperturbed radius of the ves-
sel.We assume that the ratio ro/ho remains bounded across the network,
with changes no greater than one order of magnitude. Empirical mea-
surements show that ro/ho ≈ 10 on the arterial side, and ro/ho ≈ 60
on the venous side. We also assume small variations in the Young's
modulus E and the Poisson's ratio σ. Notice that Eq. (2) models the abil-
ity of the blood vessel to collapse when the transmural pressure P− Po
is sufficiently small. The critical value of this transmural pressure is de-
noted by Pcr which we assume to be a random variable.

The vessel stress–strain law Eq. (2) is valid under nearly isobaric
conditions. Hence, for nowwe assume that both P and Po are nearly con-
stant. Moreover, in order to simplify the calculations, we assume that ro,
Pcr and γ are statistically independent on each probability spaceΩ(x). Let
H(s) denote theHeaviside function, that is,H(s)=1 if s N 0 andH(s)=0
otherwise. Then the stress–strain law (Eq. (2)) leads to

r2−r2o ¼ r2o 1þ r=roð Þ γPtrH Ptr−Pcrð Þ−H Pcr−Ptrð Þð Þ
¼ r2o γPtrH Ptr−Pcrð Þ−H Pcr−Ptrð Þð Þ 2þð γPtrH Ptr−Pcrð Þ−H Pcr−Ptrð ÞÞ;

ð4Þ

where Ptr = P− Po is the transmural pressure. After taking the expecta-
tion value (average over the random variable ω ∈ Ω), we obtain terms
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